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INTRODUCTION 


There have beentwo attempts to put extra structure on the crystalline 
cohomology of a smooth and proper variety in positive characteristic and 
giving, in particular, a closer relation with the Hodge cohomology. The 
first such attempt is Mazur's theory of gauge structures, further developped 
by Ogus. The second is the theory of the de Rham-Witt complex of Bloch- 
Deligne-I1]lusie. 


It is the purpose of this paper to continue the study of the algebraic 
properties of these structures begun in [I1-Ra] and [Ma]. It turns out, in 
fact, that in a very precise sense the two approaches are equivalent. Hence 
we will study coherent R-modules, where R_ is the Raynaud ring, and cohe- 
rent F-gauge structures, notions which capture the essential algebraic 
properties of the cohomology of the de Rham-Witt complex and crystalline 
cohomology with its gauge structure respectively. 


However, it is not the notions of coherent F-gauge structures and 
coherent R-modules which are equivalent, it is the categories of bounded 
coherent complexes of F-gauge structures and bounded coherent R-complexes 
that are and the equivalence we will in fact construct will not take cohe- 
rent F-gauge structures to coherent R-modules nor vice versa. This is 
one of the reasons why we will consistently work with derived categories. 
Another reason is that a complex contains more information than its cohomo- 
logy. A striking example of this is the case of the cohomology of a super- 
singular K3-surface with Artin invariant o . The cohomology R-modules 
of the de Rham-Witt complex depend only on o , whereas the whole complex 
determines the periods up to finite indeterminacy and so has o-1 moduli. 


Let me give a more detailed description of the contents of the present 
paper. 


If we think of the canonical truncations of a complex as giving a fil- 
tration of that complex, what the first chapter is concerned with is the 
definition and study of another filtration on coherent R-complexes. More 
precisely, in the terminology of [B-B-D] which is eminently suited for our 
purposes, we will define a non-standard t-structure on the triangulated 
category of coherent R-complexes. This t-structure will be called the 
diagonal t-structure. The reason for this is that it filters a coherent 
R-complex M diagonally ; TMT 5M has the property that its j:th 
cohomology module is the part of HJ(M) generated by degrees < i-j divided 
by the part generated by degrees < i-j-1 and so can be said to be the part 
of M in total degree i where a complex of R-modules is thought of as 
a double complex. From this point of view the standard t-structure is the 
horizontal t-structure. It should be pointed out that although the diagonal 
t-structure is characterized by the description just given of Tei M/T 5M 
its existence is a non-trivial fact. If we consider instead pP( KT dl) “where 
k isa field and d is of degree 1 then the diagonal t-structure does 
not exist. We will show the existence of our diagonal t-structure with the 
aid of a general criterion which may be of independent interest. 


Using the general theory of [B-B-D] we then see that the coherent 
R-complexes concentrated in total degree 0, the diagonal complexes, form 
an abelian category which we will denote A. Much of my effort has been 
spent on a study of this category. The first result we obtain is that A is 
a noetherian category. This is surprising as the category of coherent 
R-modules is not. The strategy to be used in the further study of A is 
then the following. If we have a subcategory M of A we try to find two 
subcategories My and My of M such that every object of M_ is canoni- 
cally an extension of an object of M, by an object of My and any such 
extension is isomorphic to the canonical extension of the middle object of 
that extension. If we can do this then the classification of objects of M 


is reduced, in principle, to the classification of objects of M, and 


My and the computations of the action of automorphism groups on Ext !-groups. 


The first example of this is the presentation of any diagonal complex 
as the extension of a finite torsion complex by one without finite torsion, 
where a diagonal complex is finite torsion if it is a sum of complexes of 
the form M(i)[-i] for different i with M an R-module concentrated 
in degree 0 of finite length as W-module and a diagonal complex is 
without finite torsion if it contains no finite torsion subobject. The cate- 
gory of finite torsion objects is as known as the category of finite length 
Dieudonné modules is and we direct our attention to diagonal complexes 
without finite torsion. 


The crucial theorem 1:4.5 then, roughly speaking, allows us to consider 
only the cases of diagonal dominoes and Mazur-Ogus diagonal complexes. 


The diagonal dominoes are the diagonal complexes which are at the same 
time p-torsion and without finite torsion. Using again (1:4.5) we define 4 
a 1/2H-filtration 0 <... W(-) <We'/2(-) cwhl(-) <2. id on the =f 
category of diagonal dominoes and we will say that a diagonal domino M is 
of type i if WM = M and witl/ey . 0 . The category of diagonal dominoes 
of type i is equivalent to the category of diagonal dominoes of type i+n 
for any néZ. The diagonal dominoes of type 0 are exactly those diagonal 
complexes whose associated simple complex is acyclic. We will also show that 
this category is equivalent to the category of graded W-modules M = > M(i) 
of finite length together with W-endomorphisms F and V of degree eer 
-1 s.t. FV=VF= p where p is the characteristic of our basefield. This 
description allows us in particular to describe all indecomposable type 0 
diagonal dominoes killed by p. In the case of halfinteger type diagonal 
dominoes the results are less complete. We will however give a number of type 
-1/2 diagonal dominoes having the property that every type -1/2 diagonal 
domino is a successive extension of some of the given ones and none of the 
given ones are non-trivial extensions of type -1/2 diagonal dominoes. We 


will also give a description of type -1/2 diagonal dominoes similar, but 
less convenient, to the one given of type 0 diagonal dominoes. 


It should be noted that type 0 diagonal dominoes form an abelian 
category but the type -1/2 diagonal dominoes do not. 


The Mazur-Ogus diagonal complexes are precisely those diagonal complexes 
such that the rank of the associated simple complex equals the sum of the 
Hodge numbers, where the Hodge numbers are defined in analogy with the 
geometric case. This is exactly the condition considered by Mazur and Ogus 
hence justifying the notation. The associated simple complex is then a free 

| (cf. [B-0]) W-module of finite rank and can in a natural fashion be given 

| the structure of an F-crystal (rather a virtual F-crystal). This association 

| of a (virtual) F-crystal to a Mazur-Ogus diagonal complex turns out to be an 

| equivalence of categories and an explicit inverse is described. A rather 
direct consequence of this is the Mazur description of the Hodge filtration 
in terms of the F-crystal structure. Thus our result is seen as a genera- 

lization of the Mazur-Ogus result ; not only can the Hodge filtration be 
| explicitly recovered from the crystalline cohomology but so can the whole 

‘| Hodge-Witt cohomology. 

An F-gauge structure is a graded W-module M= @ Mi together with 
linear mappings F and V of degree 1 resp. -1 ra o-linear isomor- 
phism t:M := Lim(... > wu! ae wit pte we.) SM” ce Lip(... mi 
, win! pie ..-), Mis said to be coherent if Ml is of finite type as 

i-1 i+) are iso- 


W-module for all i and V:M' —>™ (resp. F: mi —_>M 


morphisms for all i<<0O (resp. i>>0). 


To every complex M of R-modules we may associate a complex of 
F-gauge structures S(M) where S(M)~ = s(M), the associated simple comp]lex 
and the S(m)" are the simple complex associated to suitable modifications 
a la Nygaard of M . One of the main results of this paper then says that 
S(-) is an equivalence of categories from bounded coherent R-complexes to 


bounded complexes of F-gauge structures with coherent cohomology. It should 
be noted that this equivalence is used in proving the results on diagonal 
dominoes and Mazur-Ogus complexes mentioned above which explains why the 
results in the paper are given in a different order than they are presented 
in this introduction. 


The reader will no doubt notice that this paper is concerned mainly 
with coherent R-complexes and their diagonal and not F-gauge decomposi- 
tion, most of the results are obtained using the diagonal decomposition. 

One of the reasons for this is "historical" ; I discovered the diagonal 
decomposition first and the F-gauge structures appeared at the very end of 
my work when I tried to prove that every F-crystal was of the form s(M), 
for M a Mazur-Ogus diagonal complex. It seems that F-gauge structures are 
a perfectly natural generalization of Dieudonné modules, indeed they have 
been introduced as such by Fontaine independently of the relation with 
R-modules, and many results obtained here could no doubt be obtained by 
starting from F-gauge structures rather than R-modules. There is, however, 
one important case where this seems to be not true. By modification a la 
Nygaard at different degrees we get an action of the group of functions 
Z—>Z_ with finite support on R-modules which induces an action on 
bounded coherent R-complexes. This action preserves diagonal complexes but 
not F-gauge structures, in fact the diagonal t-structure is in some 
sense the t-structure closest to the F-gauge structure t-structure 
preserved by this action. Hence the category of diagonal complexes has a 
large degree of symmetry which the category of coherent F-gauge structures 
lacks. The filtration by type on diagonal dominoes mentioned above, for 
instance, is obtained by applying elements of this group to the filtrations 
of (1:4.5). 


On the other hand, F-gauge structures are more concrete objects and so 
easier to construct. An example of this is the case of coherent F-gauge 
structures M with M°=0 which correspond to type 0 diagonal dominoes. 
Even for simple examples of such F-gauge structures the corresponding 


R-complex can be difficult to understand. Consider for instance the case of 
such F-gauge structures which are indecomposable and killed by p . As will 
be seen these are extremely easy to describe and it is easy to see that the 
corresponding R-complexes have the property that their diagonal cohomology 
R-complexes have the property that their cohomology R-modules are either 
zero or isomorphic to a degree shift of one of the Uj3s » using the termino- 
logy of [I1-Ra], but except for some simple cases I do not know how to deter- 
mine the j:s in question. 


In chapter IV we will introduce the Hodge-Witt numbers, Nae » asso- 
ciated to a coherent R- -complex M . They depend only on the slopes of the 
F-isocrystals H! (s(M)) ey K , K t= = field of fractions of W , and the T isd 
of [I1-Ra] which measure the sizes of the non-finitely ae as 
W-modules, parts of HI (M). From the definition of the ho it follows 
that ae h iJ. oe the rank of eM and a formula of Crew is (cf.[Cr]) 

i+j=n ~ 
equivalent to EG “Lo (-1)9 hie3 | The main result concerning the 
J 


Hodge-Witt numbers is the eer hele pied . As an immediate conse- 
quence we get that if M fulfills the conditions of Mazur and Ogus then 
nied = h'?J and so the T'*Y can be explicitly determined by the slopes and 
the Hodge numbers. In particular we get a criterion for when the T'S are 
zero. Another consequence is the Katz conjecture on the relation between the 
Newton and Hodge polygons ; by definition the Newton polygon lies above the 
Hodge-Witt polygon, the eee polygon associated to the Hodge-Witt numbers, 
and the inequality hy Vd h iJ is more than enough to ensure that the Hodge 


polygon lie below the Hedges -Witt polygon. 


The main results of this paper are purely algebraic even though they 
have immediate consequences for the Hodge-Witt cohomology of a smooth and 
proper variety. I have included, however, some geometric applications and 
examples. Notably, I show that the generic Zariski surfaces have lots of 
non-closed 1-forms, give some new examples of closed, not indefinitely 


closed, forms and give a discussion of the special properties of the Hodge- 
Witt numbers in the geometric case. 


I would like to express my gratitude to the I.H.E.S. for its hospitality 
during the work on and the writing of this paper. My thanks also to Mme 
Bonnardel for her efficient typing of this manuscript. 


Finally, it seems altogether appropriate to dedicate this paper to 
J. Dieudonné. 
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Préliminaires and notations 


1. Recall (cf. [B-B-D]) that a t-structure on a triangulated category D 
is a pair (p<? (p29) of strictly full subcategories of D such that, 
where ps t= po [-n} and p2n t= pt -n} ‘ 


1 


i) For xed? and veo?! Hom(x,y)=0. 


ii) pps! and pee sin! 2 
iii) VXED there is a distinguished triangle (A,X,B) with AE p<? ‘ 
Bebe! . 


We will only consider t-structures which are non-degenerate and 
locally of finite amplitude i.e. 
A) n oS = 9 2" = {0}. 
n n 


B) vXED there is an neN s.t. XeDs™np2" , 


Remark : i) Hence the standard example will be p?(A) for A an abelian 
category rather than D(A) as in [B-B-D]. 


ii) It is clear that to specify a t-structure it is sufficient to 
specify the abelian category p? is Pn p20 in D = and we will sometimes 
do just that. 


If D and E are triangulated categories and T:D —>€E a functor 
we say that T is triangulated if there is given a natural equivalence 
T(-(1]) +> T(-)[1] and if T takes distinguished triangles to distin- 
guished triangles. If D and E are given t-structures we say that a 
triangulated functor T:D —>»E has (0° £°)-amplitude, or simply 


NO 


elms n}, <n 


p°-amplitude if no confusion ensues, [m,n] if T(p2 \< ha eS 
m<ne Zu {o,-~} we say that T is (0° ,£°)-exact (to the ats to the 
right), or simply D’-exact (etc.), if it has (D°,£°)-amplitude [0,0] 

({O,~[ resp. ]-~,0]). If (p,D°) is (D(A), standard t-structure) we 

will sometimes speak of amplitude resp. exactness. 


Remark : This terminology differs from that of [B-B-D] where exact is used 
instead of triangulated and t-exact instead of (p? ,£°)-exact. The term 
t-exact can be confusing when one, as we will, considers several different 
t-structures on the same triangulated category, and our use of the term 
exact conforms with the use of exact in the theory of abelian categories. 


Recall that if A is an abelian category then an idempotent radical on 
A is a subfunctor T(-) of the identity s.t. 

i) T(T(-)) = T(-) 

ii) T(id/T(-)) = 

It is clear that this is equivalent to 


0 = Hom(T(-),id/T(-)): AP x A —> Ab. 
The following lemma is also obvious 


Lemma 1.1. Let BcA bea full subcategory closed under finite sums, exten- 


stons and quottents. If A ts noethertan then for every MEA there ts a 


largest subobject T(M) —>M in RB and T(-) ts an idempotent radical. 


Definition 1.2. Let (p,D°) be a triangulated category witha t-structure. 
A radical filtration on (D,D°) ts an increasing sequence ...cT Vette 
Te: etd of subfunctors of the tdentity on p° s.t. 


i) For every MED? Ti(M)=0 zf iKO and TI(M)=M af i>>0. 
ii) Homd="(T-9(M),id/T™"(N))=0 for all i,j and M,NE p's 


iii) Homd~**1(17J (mM) id/T™"(N)) = 0 forall i<j and M,NE bye 


Putting s\(-) := Cia ss ii) and iii) together is, by dévissa- 
ge, eastly shown to be equivalent to 


ii)' Home (S9(M),S"(N))= 0 tf rSi-j-1 op 2<rKi-g and MNeD" . 


If T'(-)=0 for i<m and T'(-)=id for i>n then we say that 
the radical filtration has amplitude [m,n]. 


Remark : i) A radical filtration of amplitude [-1,0] is, of course, deter- 
mined by T (=) and ii) and iii) say precisely that tts) is an idempo- 
tent radical and we will identify idempotent radicals with radical filtra- 
tions of amplitude [-1,0]. In general, ii) for i=j gives that T (2). As 
an idempotent radical for all i. 


ii) If the radical filtration is of amplitude [m,n] with n-m<1_ then the 
conditions i)- ii) only depend on p? and not on its realization as the 
heart of a_ t-structure. In general, however, these conditions do depend on 
this realization. 


Definition 1.3. Let D bea triangulated category. Two t-structures 
(D,D') and (D 3°) on D are said to commute if 1, = Tent 
? d <n'<m  <me <n ? 


Tent >m = T>m™ <n ‘. tnt <m = Tem >n and Tn" >m = TyaT sn where T om? Tm 
2 rae pel ieee, 


resp. Taart yn are the truncation functors for D resp. Dp. 


Theorem 1.4. Let (p,D°) be a t-structure on the triangulated category D. 
OLE «ance Th-yetMN(-)e...c id ts a radical filtration on (p,D°) 

then BS = (xed: THICK) = H(X) vi} and B2' = (ED: Ga/T"(H"(X)) = 

H'(X) Vi} define a t-structure on D commuting with (p,0°). 

0 

) 


ii) If (0,5°) ts a t-structure on D commting with (D,D then 


Cis Meister 1d ts a radical filtration on (D,D°). 


iii) These two constructions are natural inverses to each other. 


Proof : To prove that (Bo 2!) defines a t-structure we begin by veri- 


fying that Hom(X,Y) = 0 if xe D2 and yep! . By dévissage we may 
assume that X=T'(R)Li] , Y= id/TI(S)Ei] R,SED? so Hom(X,Y) = 

Hom) '(T\R) ,id/TI(S)) = 0 by (1.2i). Let now X€D . We want to find 

ye Do? ‘ z€p2! and a distinguished triangle —> Y —X —Z—~Y[1]— 
We will construct Y and Z by induction on the length n-m of the p?- 
amplitude [m,n] of X and we will also prove that the Y and Z have 


p°-amp1i tude [m,n] which will then give the conditions for commutation as 
tue is clear by definition. If the length is zero then 
—>T™(xEm])£-m) —> xX —> id/T"(x[m] )[-m] —> has the required properties. 


Let i,it+1€ [m,n]. By hypothesis we may find vey" De and Z',z"e 2! 


and distinguished triangles —> Y' —>tT ix — Z' — and —Y" —> 


< 


T 441% —> Z" —>. This gives us a diagram 


Y"[-1] y! 


ae 


THN > ar 
Y bik os | Zi 


I claim that the composite Y"[-1] —>Z' is zero and indeed that 
Hom(Y"[-1],Z') =0 . By the induction assumption Y"€ p2i+t n pv? 
Z'€ ps! n p2! so by dévissage we may assume that Y" =T79(M)[-§] » J> i+t 
and Z' = id/TS(N)E-k] , K< i so Hom(Y"[-1],Z') = 
Hom~K*1(q-J(m) ,idyT7K(N)) =0 by (1.2 ii) as j>i#1>4>k . Hence there 


is a morphism Y"[-1] —>Z' making commutative the following diagram 


and 


Y"[-1] —> Y' 


{ ! 


TSiei* _— tr ‘ 


By [B-B-D: Prop. 1.1.11] there is a diagram commutative up to sign of dis- 
tinguished triangles 


a a ee 


—_ ae hou — Tah —_>XxX—_ T>441% —_> 


, fF | 4 


aa Zz" -1 —> Zz" —> 7 aie qZ" poe 


Y + ft A 


I claim that ye DS? and zeB2! . Indeed, y'e dS! and y"eD2"*! 50 


H(Y) = HCY") or HI (y") depending on whether j<i or j>i and as 
yy" KO we see that Ye pS and similarly ze!” Finally, 
y'jz'epe™ 4] and yejzreplitt"l co it is clear that 7 


é 7 - ° a <ot<iX aS 
Tet <Q 3 T4417 <0% = Y" = Tegtyiat% 3 ira =Z' = re and 
~ es) ee io . . 0 A 
alice si ay Aa Dit % and by shifting we get that (D,D°) and (D,D-) 
commute. Conversely if (D,0°) commutes with (p,D°) then clearly Te 
and Ty; commute with HJ(-) so that xe Do iff Teg (H'(X)E-4]) = 


H'(X){-i] for all i or equivalently Teg (H(X)) = HTX) and similarly 


Kee! ite TZ, HO) =H1(x). Now as HI(-) commutes with 7, and 


Tha we see that if Xe€D" then = Tes —> X —7 X —> is an 


>i+1 
exact sequence in bp? . It therefore only remains to show (1.2 i)-iii)) for 


HST (-)e...cid on p? . Clearly i) is true because 7? is locally 


of finite amplitude and ii) follows from the condition Hom(X,Y)=0 if 


xe 5 and wee. For iii) it is clear that we need to prove that if 


xe * nD and veosin®2! then Hom'(x,¥)=0 . Let X{-1] > Y be 


any morphism and let X[-1] —» Y —>Z-—»>X_ bea distinguished triangle. 
We then get a diagram commutative up to sign of distinguished triangles from 
[B-B-D ; Prop. 1.1.11] and the commutation of the ta aya 3 Tem and 


Py —_ — 


{ , 4 


=F TAL 0 —>t,.2—>t Xx > 


| 


a \ 
me a Z 
, 4 fo 4 


and the commutativity gives that X[-1] —> Y equals zero. 
Let us recall that given a t-structure (p,D°) and a cohomological 
functor T:D —»A_ then, putting T'(-) :=T(-Li]), we get for all XED a 


spectral sequence 
(1.5) te TWO) eT Na): 


By an exact category we will always mean an exact category in the sense 
of Quillen (cf. [Q]). We will say that an exact category is weakly noetherian 
(artinian) if for every object M every increasing (decreasing) sequence of 
admissible subobjects is eventually constant. An object M is weakly simple 
if it does not contain any non-trivial admissible subobjects. It is clear 
that every object in a weakly noetherian and artinian exact category is a 
successive extension of weakly simple objects. 


Remark : There is no Jordan-Hélder theorem though, as the example of the 
category of finitely generated projective modules over a non-principal ideal 


Dedekind ring shows. 


2. Recall (cf. [I1-Ra]) that the Raynaud ring, R , is the graded W-ring, 
W:=W(k), k a perfect field of char. p , generated by F,V in degree 0 
and d in degree 1 with relations 
FV = VF= Fa=A°F =V=Va 
P acew 
aew da = ad FdV=d d-=0 


where (-)° is the Frobenius automorphism of W . Then R is the direct sum 
FW “rw 0 wF'd © Sway 
D> ip D> D> 


All modules over R will be graded. The degree 0 part, R-, of R is the 
Dieudonné ring WEF VI with FV=VF=p . We put R := Lim R/dV"R+V"R . Even 


0 


though dv"R+V"R is not a two-sided ideal the multiplication of R extends 
by continuity to R which thus becomes a graded ring with Ro = W UCVIICF] : 
Again all R-modules will be graded. 


Recall also that if I is an interval in Z (i.e. if i<j<k and 
i,k€ I then jeéI) we say that an R-module M is of level I if mM’ =0 
when ig¢I andwhen i€I and j¢I »j>i, then F is bijective on M'. 

Let » bea function Z—»>Z with finite support and let M_ be an 
R-module. We define a new R-module M(p) as follows M()! = oso! where 


s=- ) } (i), F and V are the same and d M(o) 17! > M(p) | 
i<s+1 


poli) g where, as usual FSd:=dv° for s>0 . It is easily verified that 
this is an R-module and then (-)(m) is an exact functor. Note that 
((-)(@)) (b) = (-) (ov) where +p is defined by pointwise addition and 
(-)(0) = id . Hence the group of functions Z—> Z_ of finite support acts 
on the category of R-modules. Finally, (-)(») passes trivially to the 
derived category. 


equals 


Recall further that Ry is the right R-module R/dV"R+V"R (so that 
Ris Lim Ry ) and that for ay complex M of R-modules we define its com- 
alaeion se Mss RLim(R, er M). Then (cf. [Ek 1]) M is said to be complete 
if the natural morphism M —>M is an isomorphism in D(R), and we always 
have M=M. 


« —— 
Proposition 2.1. Let MED(R). Then M(p)=M(p) for every 9: Z—>Z with 
fintte support. 


Proof : By the additivity (-)()(w) = (-)(w+)) we reduce to g(n) = Sin or 
re for some i . By dévissage and resolution we reduce to M a free 
R-module and then the only non-trivial case is when M_ has all its gene- 


rators in degree i-1 . We then easily reduce to M=R(-i) and compute. 


3. Recall that s:D(R) —>D(W) denotes the simple associated complex 
where a complex of R-modules is considered as a double complex through d 
and the ordinary differential. We then have (cf. [Ek 1 : III.5.6.1]) 


(3.1) s(R, ep (-)) =k ep s-) . 
| 


In [Ek 2] an internal Hom-functor RHomp (-,-) is defined on 
D(R)°P x D*(R). It has the properties (loc. te ) that 


as RHoma(-,-) = RHom,(W, RHom, (~,-)) Z RHom,(--)* = 
342 
Cone(F-1 : Rhom, (-,-) —~> RHom, (~,-)) 
and 
! 
ins s(RHomp(-,-)) = = RHom,(s(-).s(-)) 


| 
Ry @q RHomp(~,-) = RHoma(R, ep(-),Ry eg (-)) « 


Ry ay ((-)¥p (-)) = Ry eb (-) @ Ry ep (-) 


(3.3.1) ‘ 
s((-)4p(-)) = s(-) ey s(-) 


where, (loc. cit.), (-)ap(-) is the companion internal tensor product. 
| 
Recall also that one puts D(-) := RHom, (- ,W) and then we have 
D(D(-)) = id on De(R). 


In [Ek 2] right R-modules Z, ; By are defined, Z, 


the kernel and image respectively of left multiplication by d on Ry and 


and B, being 


Zi, and BL being defined as higher cycles and boundaries using the 
"Cartier isomorphism" Ry => Z,/B, i 


For MeD(R) put Hod(M) : = s(R, ep M) €D(k) 


ty; Hod(M) := s(0 —> (Ry ® 
nog HOU: 28 Sloe (Re oy bz oe = 8) 
<i r= Sloe. 1 ®R 1 ®R 


Using the Cartier isomorphism we then get 2 distinguished triangles 


j 
ba —> to iat Hod(M) —> tj mM) — 
—> te, Hod(M) —> t 


Recall (cf. [I]1-Ra]) that if M is an R-module_ then we put 


Hod(M) —> (Ry es 
Hod(M) —> (R os mM)! —> 


<i 1 


| Lope 
Fem’ := u Foam'! ba ea 
J t a 
v"zM! += n Ker qvJ emi —> witl 
j 
Poche ti ea ee Foo ot) 


~ 


Tia = m/c §M 


dom'(M) := M'yy7@zm! —» F@pmitt 
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Note that then TM is the sub-R-module of M generated by the part of 


M in degrees <i. 


4. Recall (cf. [Ek 1]) that an R-complex M_ is said to be coherent if M 


is complete and R, @, M is a coherent Wk-complex for all _n.. Recall 


nr 


also (cf. [Ek 2]) that a complete R-complex M bounded in one of the four 
directions with R, e, M=0 is zero and is bounded if R, ep Mis. 


An R-module M is said to be elementary if M_ is one of the following 
types 
i) M is in degree zero, finitely generated and free as W-module with F 
bijective. 
ii) M is in degree zero, finitely generated and free as W-module with F 


and V_ topologically nilpotent. 


iii) M is in degree zero, finitely generated as W-module and killed by p 
with F bijective. 


iv) k (F=V=d=0) 
:= Tr kv" -& TT kav" 
n>0 n>0 
deg 0 deg 1 


v) U 


where dV'=F'd G>0. 


It is proved in [Ek 2] that M€D(R) is coherent iff H'(M) is a succes- 
sive extension of degree shifts of elementary R-modules for all i. It is 


also clear that a coherent R-module M with 7 ,M=M and TyM=0 isa 


successive extension of elementary R-modules. 


The projection R —> Rr? is a ring homomorphism and therefore we may 
consider every (graded) R?-module as an R-module. An Ro-module M thus 
considered will be called a Dieudonné module if it is concentrated in degree 
0 and is finitely generated as a W-module. It is then clear that if M is 


a coherent R-module (i.e. coherent as R-complex) and ee 0 then 
vz? is the largest sub-Dieudonné module of M. 


Proposition 4.1: i) Let M and N_ be Dieudonné modules. Then 
Extp(M,N)2=0 untess j=0 O0<i<3. 


ii) Let M be a Dieudonné module. Then Exta(Ugst)? = 0 unless j=0 
O0<i<2 or j=1 1<1<3 and Ext! VM, u)? =0 unless j=0,1 O<i<3. 


iii) Exta(U, Uy) =O unless j=0 O<1<23 j=1 O<i<3 or j=2 
1<i<3. 


Proof : Assume first that k=k . Then every elementary R-module is a 
successive extension of the following modules : 


R9V(Fi-v)) = (4,5) =1 i> 


In [Ek 2: III, Cor. 1.5.4] a description of RHomp (N .-) for None of 
those modules is given, except for U, » k#0 which is left to the reader. 


The proposition is now proved by inspection and we get i<2,i<2 etc 
instead of i1<3,1<3 etc. If k#k then we have (cf. [I1-Ra]) a functor 


(-)F o?(R) > D?(pro-S ong) where §S Ae: is the topos of étale sheaves 
on perfect S-schemes such that if we put RHomp(-,-) := (RHom, (-,-))F then 
RHomp(-,-) = RI(S ert? RHomp (-,-)) and RHom, (~ ,~) commutes with change of 
basefield (cf. [Ek 2]). As RI(S Sperf?™ -) has amplitude [0,1] and ities 


degrees we conclude by the case k=k if we can show that Extp (M, n)J(R) = 


implies Extp VOM, n)J = 0 for M,N coherent but Ext (M,N)J is a pro-quasi- 
sissies tour group (cf. [I]-Ra: IV, 3.11]). 
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Lemma 4.2. Homp (Uy sU >) = 0 tf k>& and every non-zero Uy > Us ts an 


tsomorphtsm. 


Indeed, let : Uy => Uy be non-zero. In degree zero it is then non- 
zero as Uy is generated by degree 0 and so injective as is any non-zero 
mapping k({V]] —> k[[V]] . By applying (-)(t) t(n)=-2% 6,, we can 


assume 2=0 . Now g: (Ker d: (u,)° => (u)') — (Ker d: (u,)° —> (u))) 
is injective but if k>0O then the first term is non-zero and the second 
zero. When k=0 and +0 we see that gw induces an isomorphism on 

(Ker Fa)? as both are 1-dimensional and so g is a surjection as Up is 
generated as R-module by (Ker Fa)? . Hence is an isomorphism in 
degree 0 and so, in degree 1 as d_ is an isomorphism. 


Recall (cf. [I1-Ra]) that a coherent R-module M is a domino if 
m'=0 20,1 vzM?=0 and M'=FeM!, that dim, °/vM? is called the 
dimension of the domino, that the Uy are precisely the 1-dimensional 
dominoes and that every domino is a successive extension of 1-dimensional 
dominoes. 


We will also use the notation Tee ULI] (-5) where [-] means shift 
in complex degree and (-) shift in module degree. 


Furthermore, it is easy to see that Hom, (Ry »K/W) considered as an 
R-module by the action induced by right multiplication on Ry is isomor- 
phic to Ug (1). Thus 


_ i 
RHom, (MU, ) = Hom, (R 8p M,K/W)(-1) 


wu! 1 
7 L 
RHomp (Up »D(M) ) = Ry ®R 


(4.3) b 
M[2](-1) ME D.(R) 


by the adjunction formula, duality and (3.3) as D(Up) = Ugl-21(2). 


5. Let I be a subset of Z. An R-module M is said to be cut at I if 
d:M! —> mitt is zero for all i€I1 . The category of R-modules cut at I 
is denoted R-cut-I . A complex in D(R-cut-I1) is said to be coherent if it 
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is coherent as R-complex. 

Proposition 5.1. The functor p>(R-cut-1) _> p> (R-mod) ts full and fatthful 
with essenttal image those complexes whose cohomology is cut at 1. 

Proof : Let us first prove that if M,NE p?(R-cut-I) then 


RHO cut (MN) = RHomp (M,N)° . By dévissage we may assume that 
M,NE€ R-cut-I. We can write Z\I as a minimal union of intervals Z\I = Ul, Fi 
Then M= aM; and N=eN, with Ms = N5= 0 if igi, . It is clear that 


0 0 : 
RHOMp cy (M5 oN) = RHomp (M. sN 5) for all gj and as 

Gus Gk te ohh. ote : 
RHoma cyte Mj oN 5+) =0 if jz#j' it will suffice to show that 
RHoma(M; .N,)° = 0 . This follows by dévissage from (4.1). 


Now suppose that Me o?(R) has cohomology which is cut at I . We want to 
show that there is a complex M' cut at I with M' isomorphic to M, M' 
is then necessarily unique up to isomorphism. We will do this by induction 
over the length n-m of the amplitude [m,n] of M .If the length is 0 
everything is clear. If not choose i€[m,n-1]. By assymption there are My 


and Mo cut at I isomorphic to Ty 4M resp. T 4M and so we get a dis- 


>i 
tinguished triangle M, —> M— My oe M,[1]. By fullness there is a mor- 


phism Ms M401] in p?(R-cut-1) which equals in p?(R). We can 


then let M' be a cone of this M, —>M,[1] in p>(R-cut-I). 


Remark : We will not particularly distinguish between p>(R-cut-1) and its 
essential image in P(r) and hence we will say that a complex whose coho- 
mology is cut at I jis cut at I. 


If I is an intervall of Z then we denote by R-mod-I the category 
of R-modules of level I . The proof of the following result is then alto- 
gether similar to the proof of (5.1). 


Proposition 5.2. The functor DP(R-mod-T) —> pP(R) ts full and fatthful 


with essenttal image those complexes whose cohomology ts of level I . 


Remark : The same sort of abuse of language will be used here. 
Recall also that if ME€D(R) then considering M as a double complex 


we get the slope spectral sequence : 


(5.3) cies = HI(M)? mem HT *S(s(M)) 


6. Let ME p?(R). Then we put 


hled(M) := dim H(R, er Mm)! 


oa tied(m) = dim HI(M) 1 /(v7@zH (Mm) Fav) 

6.1 
m' 5 (M) := dim HJ (M) '/(p-torsion+V) +dim H+ (Mm) 17" /(p-tors4F) 
b,(M) z= dimH"(s(M)) @ K 


where K := Frac(W) = WepQ. 
Then 


re : : isJ isd 
Proposition 6.2. i) b,(M) = ) | m?s(M) < } 7 h '(M). 
i+j=n i+j=n 


ii) If Ay S Ag &-+0£ A, are the slopes of the tso-F-erystal H"(s(M)) K 
then 


mili) - (i#t-,) + (iH!) . 
NTH itil NTi-1, iL 


Indeed, me m'?J(M) = a dim H9 (Mm) ¥/(p-tors+V) + 
it+j=n it+j=n 


dim HI(M)'/(p-tors+F) = dim H)(M)'/(p-tors+p) = Jo? dim HI(m)'e K = 
i+j=n i+j=n 


dim H"(s(M)) @ K the last as (5.3) degenerates modulo torsion (cf. [Ek 2] or 
(I: Prop. 2.3)). 
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Also (3.1) and (1.5) giveus a spectral sequence 


(6.2.1) Ey 2 H'(R, et 


R m)J => H'*9(K e, s(M) ) 


and so); h'*9(M) > dim H"(k @), s(M)) > dim H"(s(M))/(p-torsep) = b,(M). 
i+j=n 


As for ii) it is simply the formula for dim M/V and dim M/F of a torsion 
free Dieudonné module in terms of its slopes ; it is proven by reduction to 
the case of one single slope and computation. 


7. We will throughout this paper carry the action of a finite group H 
along. In most of our results and proofs this action follows along automati- 
cally, sometimes we reduce to H=1 . This will not always be mentioned. The 
essential formula is 


RHomp 443 (MCH] 5N) = RHom, (M,N) for 


MED(R) and NED*(R[H]) . 


8. The following result is proved by explicit computation using [Ek 2 :0:5.4]. 
Lemma 8.1. If M its an elementary R-module and 0 ts one of Ry ; zy ; 
By P o4R, /B, then H'(D &, M)J=0 unless i=0 , j=0,1 3; i=1, j= 0,1,2 
or i=2 j=1,2,3. 


I 


The diagonal t-structure 


Theorem 1.1. The funetorial filtration ...c c... ts radical on 


p?(R) wtth the standard t-structure. 
By (0:1.41) we need to show that if M and N are coherent R-modules 
r = - 
then Hominb (py tgs MI/ts ag MI stg INI lags (ND) = 0 when r<t-s. 
By degree shifting we may assume that s=0. 
By dévissage we may assume that M and N are elementary and H=1 


in which case we conclude by (0:4.1). 


Definition 1.2. i) The t-structure assoctated to the radical filtration of 


Thm. 1.1 will be denoted (D. (rR)? BP(R)? , the truncation functors TG 
and Tj and A:= BP (RI? nBP(R)2" , tts objects will be called diagonal 


complexes. Furthermore we will put H'(-) r= Tezoty (“Ei : p?(R) —>A. 


It is clear that the diagonal t-structure is compatible with change 
of base field and change of group. What happens during change of groups is 
easy to understand in view of the following proposition. 


Proposition 1.3. The category of diagonal H-complexes is equivalent to the 


eategory of ordinary diagonal complexes with given H-acttons. 


Proof : This follows from [B-B-D:Thm. 3.24] applied to the topos of H-sets 
and the covering H —> 1 of the final object. 
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Note that the diagonal t-structure is stable under the functor 
[il(-i). We will refer to any of those functors as shifting. Hence the fil- 


e--t of A have quotients which are shifts of 


af tie So 
elements in AMR-mod . A coherent R-module M is clearly in A iff 
Mico if 20,1 and FRM’ =n! 
Dieudonné modules by dominoes. 


tration ...cT 


and hence exactly the extensions of 


Proposition 1.4. Let MEA 

i) H¥(s(M))=0 cf 40,1 and H'(s(M)) és torsion 

ii) H'(D ep M)9=0 if itj#-1,0,1 and D 7s any of the right R-modules 
n 

R, > By » Zp + OxRy/B, - 

Proof : By dévissage and shifting we may assume that M is an elementary 

R-module and then we apply (0:8.1) for ii) whereas i) is obvious. 


Corollary 1.4.1. Let ME p?(R). 


i) There are short exact sequences 


0 —> HSCF "(m))) > HE(s(m)) —> HOCS(AT(M))) —> 0 


ii) If D «ts as above then H'(D e, f(m))"' is a subquotient of 


HS (D ok myo! 

This follows from the spectral sequence (0:1.5) applied to H°(s(-)) 
and H°(D e, (ao respectively plus the vanishing of i) resp. ii). 

It is clear that Uy is neither noetherian nor artinian as a coherent 


R-module. The following result therefore comes as a surprise. 


Proposition 1.5. The category: A ts noethertan. 
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Lemma 1.5.1. Let MEé€ANR-mod . 


i) If N*M ts a subobject in A then NE ANR-mod and no —> Ww ts 


a monomorphism of R-modules. 


ii) If NER-modN A and N —>M Zs a morphism s.t. no > y? ts a mono- 


morphism of R-modules then N —>M _ ts a monomorphism. 


Proof : Let M/N be a quotient in A. We then get a distinguished triangle 
—>N ae M —> M/N ie N[I] —> anda long exact sequence of R-modules 
NM) NM) HOM) —> H2(m) —> H°(M/N) —> ... 


- cre it that H'(N)"! ca H'(M)"' is injective for all i . This follows as 
“NHN Teg . Hence H! (Nn) “15 if i#0 but H'(N) is generated by 
0 0 


Hr so H! HN) = 0 and N€ANR-mod and N' —>M 


Conversely if NE€ANR-mod and we have »:N —>M with N 
0 
) 


is injective. 
0 => wo injec- 
tive then Ker »w€ R-modNA and (Ker y) —~> no is injective by i) but as 


no —» ? is injective (Ker p)? <> 0 and Ker »=0 _ being generated by 


(Ker )?. 

To show that A is noetherian we may assume H=1 by (1.3) and by 
dévissage and shift that M is in R-modNA and that M is either a 
Dieudonné module which is taken care of by (1.5.1 7) or that M=U; for 
some j .Let N. goNGay 
all the N. are 1-dimensional dominoes hence ~ U. for some ree By 


CU. be a sequence of subobjects. By (1.5.1 i) 


(0:4.2) ri<r --<Jj and hence there is some ig s.t. re=r;  i>dip- 


ists 
Again by (0:4.2) N.= oh, i> ig - 

To investigate the artinian properties of A we will use duality. 
Before we will be able to do this we need the following characterization of 
the A-amplitude. 


Proposition 1.6. i) (B(R)<0 BP(R)2”) ts stable under (-)() for all 
o:Z2——>Z. 
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ii) Me o?(R) has -amplitude [m,n] iff there ts an NE€Z such that tf 
o:Z—~>Z has o(n)>N forall n then s(M(p)) has amplitude [m,n]. 


Proof : i) is clear. 
Suppose we can prove that for MEA 


a) if H°(s(M())) = 0 is 0 forall » with g(n)>N for some N_ then 
N=0. 


b) There exists an N_ such that H"(s(M(p))) = 0 for all o with g(n)>N. 


Then ii) follows from (1.4.1 i) and (1.4 i) in view of i) which tells 
us that H'(M( )) = H"(M)(o). 


As for a) if it is false we may assume that H"(M) is 0 for r< ro 
and non-zero for r= ro for some ro The spectral sequence 


Ey = HY(s(HT(M(o)))) => HT (s(M(o))) 


shows that H?(s(H(M(p)) (r))) = 0 so we may assume that ME ANR-mod . 
Then we see immediately that v~?zw? = 0 so that M is a domino. By just 
forgetting the H-action we may assume that H=1 . Then M contains a U; 


for some i but then H°(s(U,(o))) > HO(s(M(o))) and H°(s(U;())) #0 
if @(n)>-i+1 forall n . Now for b) by dévissage and shifting we may 
assume that Mé€ANR-mod and FNa: wo —> w! is surjective for some N 
and this N will do. 


Now it follows from [Ek1: IV, 4.4] that D((-)(@)) =D(-)(--) where 
(-~-)(n) = -p(-n). From this, (1.6) and the formula s(D(-)) = RHom,(s(-) ,W) 
we see that D(-) has A-amplitude [0,1]. We put B'(-) :=H'.p(-) and 
hence D'(-)=0 on A if ix0,1 . By biduality, D(D(-))= id , we get a 
spectral sequence in A for any MEA 


(1.7) Ene Di@d(m)) =e. 


This plus our vanishing gives 
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(1.8) Da! (m)) = D'(H°(m)) = 0 


and a short exact sequence, natural in M , 


(1.9) 0 > D''(m)) — m —> 395? 


we put t°(-) := B°(H%(-)) and t'(-) z= B'H(-)). 
Definition 1.10. Let MEA 
i) M «ts finite torsion if t!(M) =M : 
ii) M ts without finite torsion if t'(M) = 0 ; 


Proposition 1.11. Let MEA 
i) M ts without finite torsion tff t°(M) =M. 
ii) Dm) ts fintte torsion and D°(m) without finite torston. 


iii) °(m) ts the maximal quotient of M without fintte torston and 


ts the maximal finite torston subobject. 
iv) A sequence 20 Pe of subobjects of M such that M/M. 


ts wtthout fintte torston ts constant for all i sufftctently large. 


Indeed, (1.8) and (1.9) shows that tt! (m)) = t!(m) and 
t' (mt! (m)) = t'(t9(m)) = 0 so t! is an idempotent radical and i) and iii) 
follows whereas ii) follows directly from (1.8). Let us apply °(-) to 
Mi... M/M. => M/M. 4 — ... This gives us an ascending sequence 


soo Pom) BM, eee. of subobjects of Dom). Hence there is some 
is such that vm, = (mm, ) for i> ig and by applying once again 
~0 
D'(-) we get t°(mm, ) = tom.) i> ig but by assumption 

r 2 


MM; = t°(M/M, ) and M/M. = t°(M/M.). 
0 0 1 1 
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Theorem 1.12. Let MEA 


i) M ts finite torsion iff H'(M) (4) ts a Dteudonné module of finite 
length for all i and then M=@ H'(M)[-i] 
| 


ii) M «ts wtthout finite torston tff H'(M)(i) <s without finite torsion 
for all i andtf MER-modNA tt ts without fintte torston tff v-"zM9 ts 


a torston free W-module. 
Proof : If we can prove that when M is finite torsion and H'(M) =0 for 


r 
r>ro for some ro then H °(M) (rg) is a Dieudonné module of finite 
length then we have proved the only if-part of i). This is because then M 
r 
would be cut at {rj} so M= Tt. sMo@H 0(M)[-r9] and a direct factor of 
0 


something which is finite torsion is of course finite torsion so we could 
proceed by induction. However, H'0(M)[-r9] being a quotient of M is 


finite torsion so we are reduced to proving i) for H9(M) (-r9] and by 
shifting we may assume M€ ANR-mod . We may clearly assume H=1.If M 

is not a Dieudonné module it has a quotient isomorphic to U; , for some i, 
which would then be finite torsion. However, if o©:Z—>Z has (0)<-i 
then H'(s(U.(o))) # 0 so H°(s(D(U,)(-9-)) # 0 which by (1.4 i) and 

(1.4.1 i) contradicts the assumption that D(u,) =B'(u,) (-11. Hence M_ is 

a Dieudonné module. If M is not of finite length then M has a quotient 
which is a torsion free Dieudonné module. Then H°(s(D(M)) = Hom, (MW) would 
be non-zero again contradicting D(M) = B'(M) [-1] . Conversely if M isa 
Dieudonné module of finite length then for every »:Z—~>Z M(o)=M_= so 
s(D(M)(p)) = RHom, (MW) so (1.6) shows that D(M) is of amplitude [1,1] 


ive. equal to B'(M)(-1] and by (1.8) M=0(D(m)) = B'('(m)) = t!(m). By 
dévissage and shift we get the if-part. Now for ii) we may assume that 


H™(M)=0 for r> ro and as Top a4 is a subobject of M and hence without 
= 0 


finite torsion we can by induction assume that H"(M) (r) is without finite 
r 
forsion for r<rq . Hence it remains to show that H O(M) (19) is without 
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finite torsion. By shifting we may assume that roe 0 . Let us consider the 
exact sequence in A 


0 tM aM HM) 0, 


We get an exact sequence 


D°(m) B B'Cre_y(m)) —> B'(H!CM)) —> 0 
because D'(m) = 0 . Put T:=Im(y) and N := (tT). Then N > 0° (59 (m)) = M 
and we get an exact sequence 0 —> To_4(M) = p°p'(r._4(M)) —>N— 


t!(H9(M)) — 0 because of (1.8). Now as N&>M_ N_ is without finite 
torsion. On the other hand as HOC (M)) = H'(r._4(M)) = 0 


H°(N) = H(t" (H2(m))) so by i) N is cut at 0 so by (0:5.1) 
tygt (HP(M)) is a direct factor of N so it is at the same time finite 


torsion and without finite torsion and hence zero. Finally !(H2(M)) isa 
subobject of H9(M) € R-modn A and by Lemma 1.5.1 this implies that 
t'(HO(M)) € R-emodn A and so 0 = Tygt (H°(M)) = t'(H9(M)). Let Me An R-mod. 


By Lemma 1.5 any subobject of M in A is in R-modNA and if it is a 
Dieudonné module it is a subobject also in R-mod. By (1.5.1 ii) if 

NE R-modN A is a Dieudonné module and N —>M_ is a monomorphism in 
R-mod then it is also a monomorphism in A. Hence by i) M_ is without 
torsion iff it does not contain a sub-R-module N which also lies in A 
and is finite torsion as such and those N are exactly the Dieudonné 
modules of finite length so M is without finite torsion iff v-zM0 
torsion free it containing all sub-Dieudonné modules of M.. The only if- 


is 


part of ii) is clear as extensions of objects without finite torsion are 
without finite torsion. 


Hodge-Witt objects 
2. We begin by showing that the diagonal Hodge-Witt objects form a nice 


category. Let Aw denote the category of diagonal complexes which also 
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are Hodge-Witt complexes, i.e. cut at Z. 


Proposition 2.1. Ay ts elosed under sub and quotient objects and exten- 


stons. 


Indeed, extensions are clear as the Hodge-Witt complexes form a trian- 
gulated category. Let ME Aww and N a subobject in A. As was seen in 
the proof of Lemma 1.5.1 Hin) ce» Hi(M)7! and SO Hin)! is a fini- 
ry generated W-module which implies that v~-°zH!(N)71 = H1(N)7! and 
H'(N)(i) is a Dieudonné module. pen the long exact sequence of Lemma 
1.5.1 shows that now H" (M) “i —> H'(M/N)~ i 


argument shows that H'(M/N) ~ 


is surjective so the same 
is a Dieudonné module. 


Proposition 2.2. Let MEA 
i) ote Any tff pM i= Ker p:M —> Me Ay, . 


ii) Me Ay, tff there exists a constant C such that Igth(H! (s(M(o)))) <C 
for all op: Z—~>Z. 


Indeed, only if of i) follows from (2.1). Suppose that pM cA 


choose rg such that H'(M)=0 if r> ro: Then M is a subobject 


“<rgot 


of M so ol Tp _™) is Hodge-Witt by (2.1) and by induction we may assume 
0 


that Te. 1M is Hodge-Witt. Snake lemma applied to multiplication by p 
= 0 


r 
on the exact sequence 0 —>t M—>M—-H 0(M) t-r9] — 0 and (2.1) 


Srq-1 
r 

shows that pH °(M)[-r9] is Hodge-Witt so by shifting we may assume that 
Me R-modN A . Lemma 1.5.1 shows that )Me€R-modnN A and that pl git)® = p(M?) 
so we are reduced to showing that aM) of finite length implies that 


vz? = mw? . Look however at the exact sequence 


go — > vow —s Mo —» wv? — 0 
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and apply snake lemma for multiplication by p . As v7?zM? /p is of finite 

length we see that HON aM is of finite length but if wo yz? is 

non-zero it contains k[[V]] as a submodule. For ii) the only if is clear 

as M(p)=M if Me Aw + In the other direction we may suppose again that 
r 

H"(M)=0 r> ro: If we can show that H O(M) [-rg] is Hodge-Witt then 

M= to, Me H'0(M)(-r9] and we can continue by induction. Now the spec- 

- 0 


tral sequence 
HT (s(H9(M())) => H'*9 (5(M(o))) 


shows that HN(s((HO(M) =r) (@) )) is a quotient of H"(s(M(@))) so our 


r 

conditions are fulfilled for H °(M) [-r9] and by shifting we may assume 
that MeR-modN A but if M then is not Hodge-Witt it has a quotient iso- 
morphic to U; SO H'(s(U,(0))) would be bounded which is clearly false. 


Corollary 2.2.1. An ME p?(R) ts Hodge-Witt iff the length of the torston 
of H*(s(M(p))) ts bounded independently of ©. 


This follows from Cor. 1.4.1. 


By (2.1) and (0:1.1) we see that for any MEA there is a largest 
Hodge-Witt subobject which we will denote HW(M). Then HW(-) is an idempo- 
tent radical. 


We then have 
Proposition 2.2.2. HW(H'(-)) = H'(HW(-)). 


Proof : It will be enough to show that if MEA then HT (HW(M) ) > H1(M) 
is injective and that if HW(M)=0 then HW(H'(M))=0 . First 

H'(HW(M)){-i] <> M with quotient N. Then H'~'(N) —> H1(HT(HW(M))[-i]) = 
H'(HW(M)) is zero as Him (Ny is generated in degree i-1 and H¥(HW(M)) 
is concentrated in degree i . By the long exact cohomology sequence 
H'(HW(M)) —>H(M) is injective. 
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Let now HW(M)=0 . Now HW(H'(M))[-i] <>» 1..M. Let N be the inverse 


>i 


in M of HW(H'(M))[-i] . Then N is cut at {i} so HW(H'(M))[-i] isa 
direct factor of N and soa subobject of M and hence 0. 


With the results obtained so far we can give a new proof of "survie du 
coeur" as well as a generalization of [I] 1]. 
Proposition 2.3. Let Me D2(R) 


i) (survie du coeur) In the spectral sequence 


ede} = ul(myd =H (s(m)) 


Bled c F*BHI (Mm)! cv OZHI(M) Zi 


ii) In the same spectral sequence the torsion of FilSH'*9(s(M)) maps onto 
the torsion in V°ZHY(M)'/BLy . 
Indeed, we have a morphism Tiajet 


Ways” HK(m)® if kae<i+j and an injection if k+£=i+j whose 


image, when k+2=i+j is F°BHK(m)* . The inclusion B,* c F°BHY(M)! now 


M —>M which induces an isomorphism 


follows by functoriality of the spectral sequence. That Bt c F™BHY(M) | 


follows from repeated application of the following useful lemma which shows 


that EC" m) = ER (M) if keg <ing and EKO (x M) < EK**(m) 


<itj-1 <itj-1 


if k+Q=i+j . 


Lemma 2.3.1. If f:X'—>Y' ts a morphism of complexes tin an abeltan cate- 
— oe 


gory and tf f! is surjective and ee injective then so is H(f) | resp. 


H(f) 1+! ; 


Proof : Regard X*°—»Y° as a double complex and consider the two spectral 
sequences thus obtained or chase diagrams. 
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For the other inclusion consider the t-structure D associated to the 


idempotent radical HW(-) on A. Then Tea je —>M induces an isomor- 
phism = 
-0,, j/- i -0L, j j 
V ZH (reg 4M) —  V ZHY(M) and 
ky; - QL ; soa 
H (T545-1M) =O if k+Q>i+j . 


As for ii), F°BH'(M)J/B1*d is taken care of by (1.4 i) and (1.4.1 i) 


by considering M —>M.. For the rest we reduce using (1.4 i), 


“isd i 
(1.4.1 i) and i) to Tia gM and then trivially to H'*4(M) so we may 
assume that MEA. Theorem 1.2.2 shows that t!(m) — M_ is onto on the 
torsion of H'*(-) so we reduce to t!(m) but it is Hodge-Witt so there 


is nothing to prove. 


We are now almost prepared to give the local version of the Hodge-Witt 
decomposition. What remains is only to give a generalization of the notion 
of exotic torsion (cf. [I] 1]). 


Definition 2.4. Let ME or). 


i) The exotie \-torsion in degree i of M ts the image of 
H'(s(AI-'(m))) tn H¥(S(M)). 


ii) The finite total torston in degree i of M ts H°(s(¢°(H"(M)))). 


iii) The exotie OQ-torsiton in degree i of M ts the torston of 
HO(s(t!(AT(M)))). 


In this way we get a 3-step filtration of the torsion of H"(s(M)) 
whose quotients are respectively the exotic 1-torsion, the finite total 
torsion and the exotic O-torsion. If N=D(M) then the formula 
s(D(-)) = RHom, /(s(-) ,W) shows that the torsion in degree i of s(M) is 
dual to the torsion in degree -i+1 of s(N) and it is clear that the fil- 
trations just described are dual to each other. Finally, if X is a smooth 
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2 . 
cris (X/W) in 


the sense of [I] 1:II 6.7] equals the total finite torsion and the exotic 


and proper variety then the divisorial and exotic torsion of H 


0-torsion respectively. 


Theorem 2.5. Let ME o?(R) and suppose that d:H'(M)) —> Hicmy)s*! ts 

zero. Then 

i) The quotient of H'(s(M)) by its exotte 1-torston admits a canonical 
ae <i >i no 

decompositton H- eH. 


k,2 ta gktr 2-141 


ii) The differentials d,:E, - 


of the spectral sequence 


H'(m)9 => H'*I(s(M)) are zero when k+Q=i+j  i-r<k<i. 


The proof of (2.3) allows us to reduce to Aitd (My C-i-5] but by 
assumption this complex is cut at {j} so we can apply (0:5.1). 


We say that an ME P(r) with d: Hi (mJ —> Hi(mys*! zero whenever 
i+j=r is Hodge-Witt in degree r . We then get a Hodge-Witt decomposition 
for H"(s(M)) modulo exotic 1-torsion for all M_ which are Hodge-Witt in 
degree r. 


Remark : This definition of Hodge-Witt in degree r differs from the one 
used by Illusie and Raynaud in [I1-Ra]. Their "Hodge-Witt in degree r" is 
equivalent to our "Hodge-Witt in degree r and r-1". I suggest the present 
definition because it has the desirable feature that M is Hodge-Witt in 
degree r_ iff HY (M) is Hodge-Witt. From our point of view the only role 
played by the assumption "H-W in degree r-1" to insure a H-W decomposi- 
tion in degree r is that it excludes the existence of exotic 1-torsion 

in degree r . Many other assumptions will give us that. 


The two fundamental filtrations 


3. One important invariant of a diagonal complex is the associated simple 
complex. We start therefore by dividing A in classes according to the 
behaviour of s(-). 
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Definition 3.1. An MEA ts satd to be 
i) without s-torsion if H*(s(M)) its without torsion 
ii) s-torston if H*(s(M)) zs torsion. 
iii) s-0-torsion (s-1-torsion) if it is $-torston and H'(s(M)) = 0 
(H°(s(M)) = 0). 
iv) S-acyelie if s(M)=0. 
The following lemma is then crucial 
Lemma 4.2 i) The s-torsion objects are closed under sub and quottent 
objects and extenstons. 


ii) The g-1-torston (s-0-torsion) objects are closed under extenstons 


and sub (quotient) objects. 
iii) s-1-torsion objects are without finite torston. 


iv) An element ME 0? (R) has s(M)=0 iff (Mm) is $-acyelie for 
all i. 


Proof : Proposition 1.4 shows that if 0 —> M, => My => Ms — 0 isan 


exact sequence in A then we get a long exact sequence 


(4.2.1) 0—> HO(s(M,)) > HO(s(M,)) > H )) > H(sim,)) 


> H"(s(Mg)) > 0 
and H!(s(M)) is torsion for all Me€A. From this i) and ii) follows 
immediately. Let M be s-1-torsion. By ii) t!(m) is s-1-torsion but 


by (1.12) t!(M) is Hodge-witt so H°(s(t'(M))=0 implies t'(M)=0 . This 
gives iii). Finally, iv) follows from Corollary 1.4.1. 


The notion opposite to s-acyclic objects is the notion of Mazur-Ogus 
objects. 
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Definition 4.3. A diagonal complex M ts satd to be Mazur-Ogus if 
Hom ,(N4M) = Hom ,(MsN) = 0 for all 
Mazur-Ogus objects will be denoted Myo 7 


s-acyelte objects N . The category of 


Also for Mazur-Ogus objects is there a crucial result. 
Lemma 4.4. Suppose ME Ay, . Then H'(R, a, M20 af isj#0 and M ts 
without $-torston. 
Suppose H=1 . Clearly us is s-acyclic for all i. By (0:4.3) we get 
that H'(R, ep M)J=0 if i+j=1 or -1 and combining this with (1.4 i) 


we get H'(R, e, m)J = 0 if i+j+0 . The spectral sequence (cf. (0:6.2.1) 


H'(R, e, ms => HItS(K e, s(M)) shows that k ey, s(M) is concentrated in 
degree 0 and the triangle —> s(M) aE s(M) —> k e, s(M) —> shows that 


s(M) is concentrated in degree 0 and that H°(s(M)) is torsion free. 
When H#1 we replace Uy by Ug tH) . 
We have now come to the major result on the structure of A. 


Theorem 4.5. For any MEA there exists two (canonical) functortal filtra- 


tions characterized by i) resp. ii) 


(4.5.1) Ocrlcr cre =M 
(4.5.2) oceicatcae=-m 
such that 


i) F ts the largest s-O-torsion subobject of M and Fo Fe ts the 


largest $-1-torston quottent object of Foye! 
ii) 6° 6° is the largest $-\-torsion quotient object of M and G ts 


the largest s-Q-torston subobject of G? 


i ery 2. eh al 


iii) Gl =F ne? ; Fer tag 
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iv) Fer! =62/6' is Mazur-Ogue and F'/G'=F*/G° is s-acyclic. 
wy Fee’ =Feyr oF ye! 


The existence of Fl, Fe, g! and G° follows from (0:1.1), (1.5) 
(1.11 iv) and (4.2). Now, v) follows from iii) so we are left with iii) and 
iv). Let us first show that rep! and 62/6! are Mazur-Ogus. If F2yF! is 


not then there exists some gs-acyclic N and either a non-zero morphism 


2 


Fe ye! —  N or a non-zero morphism N —~ FF! . The image of these would, 
by (4.2), be s-1-torsion and s-0-torsion respectively which contradicts 


1 


the definition of Fe resp. F . Similarly for 62/6! 


Let us now show that Fl /62n F! is s-acyclic and that g! = G2 F! F 
By (4.2) Im(F! —> 63/62) is s-0-torsion and s-1-torsion i.e. 


-acyclic. This image is isomorphic to Fl yg2n F! 


s which therefore is 
s-acyclic and hence s(6°n F') —> s(F!) is an isomorphism so G2 Ff! is 
s-0-torsion. By the definition of g! we have Gen Flag! but by the defi- 


2 Lupe ail 


‘ofl so Gc@ NF 


nition of F ,G@cF 


sequently g! Gen F! 


and by definition carer and con- 


. As the equalities FoF! = e*/G' and a ee F262 


1 


follow from iii) and as we have already proved that Fo/F is Mazur-Ogus 


and that F'/G!=F!/6¢nF! = Im(F! 


with the equality Fo = Fl 46? or what amounts to the same that 


—> G3 /62) is s-acyclic we are left 
Dat 2,-1 .; : F BijRes 3a . 

G’/G) —> F°/F is an epimorphism. Now, G/G is s-1-torsion and by 
lemma 4.4 62/c! is without s-torsion. Hence by (4.2.1) and (1.4) 

H°(s(6° (6) ))= H°(s(6¢/6!')) and it is torsion free and H! (s(6° /g')) = 
H(3(6 162 oe Using (4.2.1) one more time we see that tors- -H9(s(M)) = 
H°(s(@!)), H°(s(M))/tors = H°(s(62/6')) and H'(s(m)) =H'(s(G°/G2)). In the 
same way elie M)) = H°(s(P! Ns H°(s(M))/tors = H°(s(Fe/F!)) and 
H'(s(M)) =H H'(s(Fe/ Fe)). In particular we see that 62! > F2/F! induces 

isomorphisms on H°(s(- )) and on H'(s(-)) (both are zero in that case) 
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(62/6!) —> s(F°/F!) is an isomorphism and the cokernel of 62/6! —> 
/F is s-acyclic and hence 0 as Fe yp! is Mazur-Ogus. 

Let us also write down the formulas obtained in the last part of the 
argument. 
Corollary 4.5.3. 
H°(s(F!)) 


tors-H?(s(M)) H°(s(6")) 
HO(s(F2/F!)) = H°(s(M))/tors = H°(s(62/6')) 


3(6°/G")) . 


— 
wn 


H'(s(F3/F2)) = H'(s(M)) = H! 


I 


F-gauge structures 


1. As we have seen,if MEA then s(M) is almost but sometimes not comple- 
tely concentrated in degree 0 . By changing A a little we can get the 
associated simple complex to Pe concentrated in degree 0 . Define a functo- 
rial filtration on A.. wc cM eer by M =0 if i<0,M =M if 

i>0 and M°=G* (cf. Thm. 1:4.5). By (O:1.1) and (1:4.2) M2 is an idem- 


potent radical. 


Definition 1.1. Let (G6 629) be the t-structure assoctated to the radi- 


cal filtration nm and 6 := 609 n G2? ; ee ; 1 the G-truncations and 


Maaxa Si ee9 (oj) rs 
Hg(-) s= 18078 (-) C41. 


Proposition 1.2. Let Me DD O rik M has G-amplitude [m,n] iff s(M) 
has amplitude [m,n] and “Hi (Ry a L yy - 0 unless m-2<itj<n. 


Proof : We may assume =1. Let first MEG . By construction we have an 
exact sequence 


~0 


o —> H'(m)c-1] —> mw —> 7m) > 0 


such that om) ye no s-1-torsion quotients and a1 (m) is s-1-torsion. 


By (1:4.5.1) H! (s(# aoe so we see that s(M) has amplitude [0,0] . 
Furthermore, by (1:4.2) the image of any morphism (mM) => Us would be 
s-1-torsion ae hence zero by assumption. This together with (0:4.3) shows 
that H'(R, Re (m))J=0 if i+j=1 and then (1:1.4 ii) shows that 


H'(R, er m)J=0 if i+j=-2,-1,0 . Dévissage now aise ei only if-part. 


Suppose now that s(M) has amplitude [m,n] and H' (Ry e, M)J=0 unless 
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m-2<i+j<n but that Hi (M) = 0. and Hy(M) = 0 for i<r for some r<m. 
By the only if-part 


s(Ho(M)) =H 


by the only if-part and the spectral sequence 


i Lad k itj L ogyyk 
H (Ry or Ha (M) ) =>H (Ry ®p M) 
(cf. (0:1.5)) we see that H'(R, og He(M))9=0 if isj<-1 . By (124.2 iv) 
; 1 
AH" (M) ) are s-acyclic for alli @nd non-zero only for i=0, -1 by defi- 


nition of G). By (I:1.4.1 ii) H(R, oH '(HE(M)))9 = 0 if i+j=0 and this 
implies (I:1.4 ii) that the spectral sequence 


HR, op A TCHE(M)))I =e HICK of, s(AT(HE(M)))) = 0 


degenerates and hence that Ry er AT (HEM) = 0 and (0:4) that 


BT (HEM) = 0 . Hence Ho(M) € A , is gs-acyclic and H'(R, &, Hy (nt) )° =0 


if i+j=-1 that is, (0:4.3), Hom 


lemma then shows that Hg(M) = 0. 


U HG(M)) = 0 for all i. The following 


a6 


Lemma 1.2.1. The category of $-acyclie diagonal dominoes ts an abeltan 
category all of whose objects have finite length and tts simple objects are 
the Uy» if H=1. 

Indeed, it is clear that US is s-acyclic. Let Mc uF be an 
s-acyclic non-trivial subobject. By shifting we may assume that i=0 . 
By (1:1.5.1) M€ANR-mod and 
wo > (u,)° is injective. Hence M is a 1-dimensional domino so isomor- 
phic to U; for some j and s(M)=0 gives j=0 and then, by (0:4.2), 
M —> U) is an isomorphism. Now (1:4.2 iv) shows that the s-acyclic diago- 
nal complexes form an abelian subcategory of A. Then (1:1.11), (1:4.2 iv) 
and the fact that s-acyclic objects are a fortiori s-i-torsion imply that 
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the s-acyclic objects form an artinian category so being both artinian and 
noetherian every object has finite length. We have seen that Uy are simple 
objects. Let M be some simple object. To show that it is isomorphic to 


some US it suffices to show that Hom «(Ug »M) or Hom (MUG) is non-zero 


A 
for some i . If this were not the case then by (0:4.3) 


HI(R, e, M)J=0 for i#j=-1 or 1 and by (I:1.4 ii) the spectral sequence 


H'(R, on MI => HI (k of s(M)) =0 


would degenerate so Ry °F M would be zero and (0:4) would give that M=0 
contrary to the assumption that M is simple. 


We have thus proved that the M of the proposition has G-amplitude 
[m,o[ . In exactly the same way we prove that M has G-amplitude ]-«,n] . 
Corollary 1.2.2. i) s(-) is G-exact 
ii) (-) *R (-) has G-amplitude [-2,0] 


| 
iii) RHom, (- 5~) has G-amplitude [0,2] 
Indeed, i) is obvious and ii) and iii) follows from (0:3.3, 3.3.1). 


( <0 20) 


2. Our purpose is now to show that (G ,Go admits a more concrete des- 


cription. 


Definition 2.1. i) An F-gauge structure ts a graded W-module M= x) m" 


~ ~ i€Z 
together with Linear mappings F and V of degree 1 and -\_ respectively 


s.t. FV=VF=p anda o-linear isomorphism +:M := Lim(... wi 
mT Bo) ewe dim... wt Git Re 


ii) Let I be an interval of Z. An F-gauge structure is of level I if 
for every neéZ below I V: wnt —>m" is an isomorphism and for every n 
above I F: wnt —> Mm" is an isomorphism. If I=[0,n] neé€N we will also 
Say that the F-gauge structure is of level n .If I=[0,~[ we will also 
say that the F-gauge structure is effective. 
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iii) The category, with the evident morphisms, of F-gauge structures (of 
level I) will be denoted F-g-str(-I). 


Remark : i) It may be more reasonable to require instead an isomorphism 
= Wy amt en es aL ey; . ; = 
Ts lin (M ,F) —> lin (M,V). We will only consider F-gauge structures 


of finite level where there is no difference. 


ii) Let I=[m,n] . On M= @ mM’ we may define endomorphisms F and V 


i€l 
. - : : -1 
by F:M! 6 SM? +> mM" +! and vV:M' >M—t>M 
m-i i 
——>M'.In this way we give M a structure of module over the W-ring 


generated by F and V and relations FV=VF= pom Fa=a°F aV=Va? 
for a€W . Just as it sometimes is convenient to regard R-modules 
rather than R-modules it is sometimes convenient to consider F-gauge 


n 


structures of level I where M also has been given a structure of module 
over the p-adic completion of this ring. If in all that is to come we 
replace R by R and add this extra condition to our F-gauge structures 
then all our results will remain true with only trivial modifications of the 
proofs. 


Examples : i) A virtual F-crystal is a triple (U,F,N) where U is a finite 
dimensional K-vector space K:=Frac(W), F a o-linear automorphism of U 
and N a W-submodule of U of maximal rank (i.e. KN=U). We will say that 
the virtual F-crystal is of finite type if N is a finitely generated 
W-module. Suppose now that M is a torsion free F-gauge structure such 
that M aK is a finite dimensional K-module. The relations FV = p show 


eee ers ee - a 
that M eK = Lin(™ @k,F) = M @) K and similarly for Me) K . Hence 


we get a virtual F-crystal where U:= mM om Keg F 1S M ®y K = 
0 — ye T 00 

M % K=M om K —>M 8 

in U form a decreasing filtration of U with the properties 


K . The images of m! 
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b) N=UM" 
j 
1 4 i 
into and onto UM . 
i 


c) F maps y pM 
Conversely, any virtual F-crystal (U,F,N) with a decreasing filtration 
fulfilling a)-c) gives an F-gauge structure by putting m'=m' , V_ the 
inclusion, F multiplication by p and t the isomorphism obtained by condition 
c). Furthermore, the virtual F-crystal is of finite type iff JU um! is of 
finite type in which case U p- im! is also of finite type and the level is 
finite. Conversely, if the level is finite and one (and hence all) of the 
m' are of finite type then the associated virtual F-crystal is of finite 
type. 


The forgetful functor (M,F,V,t) > (U,F,N) has a right adjoint. 
Namely we put for (U,F,N) a virtual F-crystal mls (F-'(p'n)) n N . Then 
{M'} is decreasing, uM! = (et U p'N))AN = F'VAN =N~ and 
i es i a 


F(u pM") = F(F Nay p''N) = F(F NM V) = .N.. Furthermore {M'} is 
1 1 ~ 


clearly the largest filtration fulfilling a)-c) so we get our right adjoint. 
We will denote this functor Hodge(-) and call the obtained F-gauge struc 
ture the Hodge F-gauge structure associated to a virtual F-crystal. 


Note that the Hodge F-gauge structure is of level I iff pr leNeN 


for all _n below I and p '*'FNSN for all i above I . (This is left 
to the reader). In particular a virtual F-crystal of finite type whose 
Hodge F-gauge structure is effective is just an F-crystal in the ordi- 
nary sense. 


ii) An F-gauge structure of level 1 is just an Ro -module. Indeed, 


wm? =Mo and M'=M” so we can put F:M? to wl om® S w@=m? and 
-1 ~ 
Vi mo = mM” —t> w= mu! 4 0 . In particular we can regard Dieudonné 


modules as a subcategory of F-g-str. 
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iii) Consider an F-gauge structure M such that M is of finite length 
as a W-module. Then M' is zero for all but a finite number of ji so 
M’=M=0 so we get a homomorphism W —> End(M). As we shall see these M 
correspond to s-acyclic diagonal complexes. 


iv) Fix some finite level I . The F-gauge structures of level I = [m,n] 
may be identified with M'= 6 m! together with maps F': mt —> mit 
iel 
moi<n Ft:M ee vest oat omeic<n vis M™ eM” with 
F', V' W-linear except for F': Mm" —» M" which is o-linear and 
virm™ 3" ocliyinear and F'V'=V'F'=p except for V'F':M" —> mM 
and F'V':M" —»™™ which are the identity. Whenever convenient we will 
use this description. 


v) We continue to fix I=[m,n] . The functor ae F-g-str-I —> Ab given 
T™(M) =m" 
G. . An explicit description is given as follows e Gi = Lt WE' Sq + 
r F r r 
iel s 
= WV'So,, where a, € G. and Hom(G,. 5M) —>mM is given by o> ola.) « 
S 


is represented by a necessarily projective F-gauge structure 


As {T"(-)} is a conservative set of functors the G. for reél forma 
set of projective generators for F-g-str-I . 


3. We will now to an R-module associate a complex of F-gauge structures 
(cf. [Ny]). 


Definition 3.1. i) Let M be an R-module. Then S(M) ts the following 


complex of F-gauge structures 
a) S(M)' := s(M(')) with o'(n) = -6, . 


d 


b) stm)? os... eat? hg yt? A yi git 


M 


| | yo 


BUM) OT? ec ne Shey tt oe 
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s(m)' oz... eo 3 SY owt? & oil A yi & 
" {? {? ae 
s(m)'*! et ite o,Mi-9 aL om"? A yi-t go yi 


oO 


c) S(M)” = oys(M), S(M)” = s(M) and 1 is the identity. 


ii) Let M bea complex of R-modules. Put $(M) the simple complex (using 


sums) associated to the double complex S(M). 


We have thus a functor from complexes of R-modules to complexes of 
F-gauge structures. This functor clearly preserves quasi-isomorphisms and 
mapping cones so it extends to a triangulated functor from D(R) to 
D(F-g-str). The formulas used to define F and V also show that it takes 
D(R-I) to D(F-g-str-I) for any interval I. 


Definition 3.2. Let ME€D(F-g-str-I) for some finite interval 1 . The 
completion M of M ts RLim{W/p" e, M} with tts obvious structure of 
complex of F-gauge structures of level 1. An ME€D(F-g-str-1) is said 


to be complete tf the canonical morphism M —> M is an tsomorphtsm. 


One shows without difficulty that M= a ‘ 


Proposition 3.3. The functor $:D(R-I) —> D(F-g-str-I) commutes with com- 


pletion and hence takes complete complexes to complete complexes. 


« — 
Proof : This follows from s((-))=s(-) and (-)(%)=((-)(%)) (cf. (0:2.1). 


Proposition 3.4. Let MED(R-1). Then there exists a commtative up to sign 


diagram of distinguished triangles 


40 


} 


—_> s(m) | ES s(m) 1" —> ty; Hod (M) —> 


mit scm? > ty Hod(m) 
| | i 
> o4T¢;_,Hod(M) —> ogt,;Hod(M) —> (Ry ep M)'  —> 


} , 


where the lowest and the right most triangles are those of (0:3.4). 


To define (3.4.1), we may assume that M is R, - and Z, - acyclic 
and that p is injective on M . We will define our morphisms already on 
the level of double complexes so we may assume that M is just an R-module. 
We then define 


s(n) Ee ty Hod(M) by (cf. [Ny:1.3]) 


— aM Ve cig M'/p sess 


fo 4 


0 —>M yviaavmt — . 
and S(M)'/V —> TeHod(M) by 
oO, “tp N wiyy + 0 


} lr 


Ang ede Zui —> 0 
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To show that the triangles are distinguished we reduce by a limit argument 
to the case where M_ is bounded in all directions and then by dévissage and 
shift to M=R in which case we compute directly (or use the argument of 
(N:1]). 


Corollary 3.4.1. The functor §:D(R-I) —> D(F-g-str-I), 1 a finite inter- 


val, ts conservative on the category of complete complexes. 


Indeed, if S(M) = 0 then we have seen that Ry 5 M=0 andas M is 
complete this implies that M=0 (0:4). 


4. We will now go in the other direction. Starting from an F-gauge struc- 
ture we will construct a complex of R-modules. Recall that C(R-I), I a 
finite interval, denotes the abelian category of complexes of R-modules of 


level I. The functor Z°S(-): C(R-I) —> F-g-str-I taking an Xe C(R-I) 


to Ker D: s(x)® —> s(x)? , Where D_ is the total differential, commutes 
with inverse limits and hence has a left adjoint t . Here is an explicit 
description of t .We let 6 denote the differential of an R-complex. 


Definition 4.1. Let ME€F-g-str . Then t(M) ts the R-complex of level I 
generated by the Be m i€I ,me€M with B; @ m tn module degree i and 


complex degree -i and with relations 


: J 
i) vAEW my om, eM 


iT] 


B; @ (Am, 4m) XB; @ m,)+ B; @ M, tf i>j-l 
-1 

Oo o 7 : 

r (8; @ m))+B; @m, tf i<gj-1. 


B; @ (Am, +m.) 


ii) mf mse M then 


6(8;,4@m;) = d(@ @m,) tf i#j-l 


5(8;@m;) = dv(a;_, @m,) 
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iii) m,eM then Wiel 


Bjem, i<j 

B,eFm, = FB em, ike 

pp, em, i>gj 
5 Bjem, j<i-t 
B,@ Vm, = VB, @m, j=i-1 
pB, em, j>i-1 


iv) If me M ‘ m,éM and the image of m. in M~ equals t applted 
to the tmage of m, in M then vrel 


Bem. = B.@m, ? 


I leave to the reader to verify that 


mM —> 2°s(t(M)) 


mt’ 8. @m 
0 


is the adjunction unit for an adjunction between t and ZS. 
Lemma 4.2. For all reéIl=[m,n] 
= -1 
t(G) = saa R(B; @a,,) @ WOUF.F 1(6,@ a.) 
where R(B; @ a.) resp. W OFF" '1(8, @a,) denotes the free R-resp. 
-1 
WEF SF ]-module on B, ea, resp. B,@a), . 


Proof : The relations in iii) and iv) show that t(G.) = aes RB; @ a, + 


WUF.F'18, @ a, . Using the relations in ii) one defines an R-complex of 


-1 
level I-structure on N = pans R(8; @ o,) ® W OFF 1(8, @ a.) such that 
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we have a map => 2°s(N) sending a, to ‘ae B, @ a, hence we get a 
morphism t(G.) —>N taking the class of B,e@a, m<i<n to Bea, 
and hence there are non-trivial relations. 

Now, 755 is the composite of $(-) and 79 : C(F-g-str) —» F-g-str 
which is right adjoint to the inclusion. As S(-) commutes with inverse 
limits it also has a left adjoint 1: C(F-g-str))—>C(R-I)). On the other 
hand we can extend t as.usual to complexes, we take the associated simple 
complex of the natural double complex. For this extension we get a natural 
transformation id —> $(t(-)) hence getting by adjunction T —>t . There 
are many ways of seeing that this is an equivalence. One is to reduce to 
bounded complexes as both commute with direct limits, then using the fact 
that Toincl : F-g-str —> C(F-g-str) —>C(R-I) equals t by transitivity & 
adjoints and then, starting from this argue by induction on the length of 
the complex X . We have 0 —> ty ix —_>xX—_> t,x — 0 which gives exact 


sequences 


T(t, :X) —> T(X) —> T(t. ;X) > 0 


t y V 


o— b(t, 3X) —> t(X) > t(t.;X) —>o0. 


By induction T(t, ;X) = t(ty ;X) is an isomorphism so T(t, 3X) — 1T(X) 
is a monomorphism and then we use five lemma. 


In particular we have adjunction morphisms 
(4.3) t(S(-)) —> id id —> §(t(-)) . 


We then right derive t to get Lt defined on D (F-g-str-I) and 
re —~ 
then get complete to get Lt:=(Lt). As § commutes with completion we get 
for MED (F-g-str-I) and NED (R-1) 


(4.4) oO: Lt(S(N)) —>N vihM — S(Lt(M)) 
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Theorem 4.5. For MED (F-g-str-1) and NED (R-I) the maps in (4.4) are 
Tsomorphtsms. 


Proof : As S$ is conservative on complete complexes to show that is an 
isomorphism it suffices to show that S(p) is an isomorphism. This, however, 
is the case of wp for M= S(N) so we are reduced to showing that w is an 
isomorphism and it is enough to show that M —> S(Lt(M)) is an isomorphism 
by (2.3). As t and § commute with direct sums we may by dévissage reduce 
to M= G. for some reéeI . What needs to be shown is that for every j 


G —_> $(t(G.))9 » iS a quasi isomorphism. Because both G. and $(t(G,)) 
are of level I we may assume that jel. Let us fix some notation. Put 
t=m=n+1 where I=[m,n] . We use the description Gis = ae ® 

j 


p Vr and put FisFit ,Vievet ers FIsTrem, re ee ace 
I 


¥ 

where m=0 if jJ-r>0 and =t if not and n=0 if r-j>0 and =t if 

not. Then Go = ees Le Fle . Furthermore, (4.1, iii)-iv)) shows that 
7 i 


k a. 
F’(8 @ a.) if gor 
(4.5.1) Bo @Fke = { pa . 


k+1 : F 
F (B,,@ 0.) if j<r 
pin-mk+r-J yk, 


; B. ea.) if j<r 
(4.5.2) Be Vo = { pin-m) (k+1)~( Hoke 


rykel(g a.) if j>r 


By extension of k we may assume that it is infinite (which is only to 
simplify the argument below anyway). For each X€W we get, by the univer- 
sal property of G. an endomorphism py: G. <> G. taking O, to Ao, ; 


By functoriality it acts on t(G) and commutes with Go —> s(t(G.))9 : 
Using the descriptions of G. and t(G,) we see that they split up into 


sums of pieces where Py for all 2X acts by multiplication by yok for 
some k . Because the automorphisme of > kK€Z, are all distinct this sum 


is necessarily direct and we may restrict our attention to one piece say 
f 


where Py acts by xo. ‘The part of od with this property will then be 
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Wee if j>r and f>0 and WW if <0 etc. The part of S(t(6)) 


will be generated over W_ by F'(g, @,,) (v"(B. 80,)) if i<min(j.r) 3 


F’"(g,¢a,)(V"'(B, @a,)) it rae SFP 8 ea )(V tt (B. 80,)) if 


5<ic<rs Ff(B,e0,)(V'(B, @a,,)) if i>max(j,r) and 


f of ea Keds 
F'd(B, @ a) (dV (8; @ a,,)) if i<min(j-1.r) ; 


ava ea,)) if rei<g-t s 


FP laa a)idve*( 


F B,ea,)) if j-1<i<r 


Ffd(B,@0,)(dV""(B, @ a,,)) if i>max(j-1,r) when f>0 (f<0). Let us 


call the A° 


that we have a map Ye —_ Xe of complexes and we want to show that it is a 


quasi-isomorphism. We distinguish between f>0 and f<0.Casel: f>0: let 
us first show that H (X¢)=0.When f>0 already 6 is surjective (recall 


-eigenspace of Ge Ye and the one of s(t(G_))9 Xe $0 


that 6 is the differential of t(G.) as R-complex). This is true also if 
j<r so we may assume r<j . Then if we put d' the other differential of 
t(G.)(p?) (@(n) = “63,) we have that d' is surjective except that 
d(B;_,@0,) is not hit (i.e. d(B; @ a) generates the cokernel of d') but 


it is hit by 6 so that we first find an a such that. q(B5 @ o,,) = 6a 
mod Coker d' and then hit d(8;_4@ a) -da by d'. 

The next step is to observe that projection of Xe onto the 
F'(Bee a,)-factor is injective on 2, . This first shows that 
Ye — 1x, is injective as Fre or pete maps to F'(g 8 a) resp. 


Fe a.) which is non-zero, then that in order to show that 


Ye —> 2K, is surjective it suffices to show that 
the image of Ye by the projection onto the F'(g 0 a,.)-factor contains 


the image rae . However, Ye maps surjectively to this factor. Case II : 
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f<0. (Put n=-f : Arguments very similar to the preceding ones show that 


Ye — 1°x, is injective and that H'(X_) = 0 and that we may again project 


to the v"(p@ a,,)-factor. 
Let us first assume that j<r . Then (4.5.2) shows that Ye maps to 


pin-mher-Jyyh(g g a,) So we have to show that the v"(g 6 a,)-factor of 


(n-m)h+r-j 


any element of 2k, is divisible by p . We have Y; m<i<n 


t(G,) where Yj has R-module degree i , p, acts on it by of and 
d'y, = OYi44 and we then want to show that Yn is divisible by 
pin-mher-j 


Put 


h ee . 
- a.V (8; @ a.) i<j-1 or i>r 
j 


h+1 . 
a.V (8; @ a.) if not . 


Then diy, = SY 544 for m<i<n_ is equivalent to 


oh ak ; 
a, = pai, i<j-1 or i>r 
io = pitt j= j-1 
- oe i+] “J 
_ htt 3 : : 
a; =P aiyy j-1<i<r-l 
-1 
+ hed Se 
av = pai, i=r-1. 


(n-m)h+r-Jj, 


From this we get ap so that indeed 1 is divisible by 


(n-m)h+tr-j 


p . The case j>r is very similar and left to the reader. 


Any F-gauge structure may be regarded as a graded R i= WLF,V1/(FV-p)- 
module where deg F=1 and deg V=-1. We also get rings kIF] :=R/(V), 
k(V] :=R/(F) k t= R/(F,V). 

Definition 4.6. i) Let Mé€D(F-g-str). Then there ts a commutative, up to 


stgn, dtagram of dtstingutshed trtangles 
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(4.6.1) M(-1) >» Mo —> Mf 


1 4 | 


—> w/V(-1) > MV (VF) 
| | | 


ii) Let ME€D(F-g-str). Then there ts a distinguished triangle 
(4.6.2) > WF & wp ey MN 
iii) Let NED(R). Then (4.6.1) for M=S(N) zs isomorphic to (3.4.1). 
Proof : (4.6.1) follows from the exact sequences 
pee Se =< ee 


tw 


Se Ray: Se PF Sek 


0 > REY 1) oo R(-1) CAL R —k So 


ii) is clear and iii) follows from the proof of (3.4). 
Proposition 4.7. i) Lt has finite amplitude on D(F-g-str-1), I finite,so 
extends to all of D(g-str-I). 


ii) & and Lt give inverse equivalences between complete R-complexes of 
level 1 and complete F-complexes of F-gauge-structures of level I. 
They take bounded complexes to bounded complexes. 

Indeed, by (0:4) Lt has finite amplitude iff R, e, Lt has. Now as 


Ry er (-) =S(-)/(F,¥) by (3.6) and as $ jis an inverse of Lt we get 
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Ry eb LE(-)=(-)/(F,V) and (-)/(F.V) has finite amplitude. Thus 4) 
follows and ii) will follow if we can show that a complete M D(F-g-str-1) 
is bounded if M/(F,V) is. However, the grading of M/F and m/V have 
amplitude },n] resp. [mol if I=[m,n] so (3.6.1) shows that M/F 
and M/Y are bounded if M/(F,¥) are. Then (4.6.2) shows that W/p eM 
is bounded but Nakayama's lemma shows that a complete complex is bounded if 


W/p aM is. 
5. We will now begin to impose finiteness conditions on F-gauge structures. 


Definition 5.1. i) An ME€D(F-g-str-1), I finite, is coherent iff M is 
complete and W/p ay is a coherent k-complex t.e. with finite dimen- 


stonal cohomology spaces. 


ii) An Fegauge structure of level 1 ts coherent iff it ts coherent as a 


complex of F-gauge structures of level Ls 


Proposition 5.2. i) Let M€D (F-g-str-I). Then M is coherent iff viel 
jez HI(M)! is a finitely generated W-module. 


ii) A complete ME€D(F-g-str-I) 7s coherent iff M/(F,V) <s a coherent 
k-comp lex. 


Proof : It is clear that if Mé€F-g-str-I and Ml is finitely generated 
for all i then M is coherent. This gives one direction. For the other 

we may apply descending induction so that we may assume that H"(M)=0 for 
j<r and then it suffices to show that HJ (my! is of finite type for all 
i. The Cou eeeneee of M implies that HM)! is a p- -adically complete 
W-module and W/p @, coherent implies that HJ (Mm)! /p is finite dimen- 
sional. This aeice Aah ae by Nakayama's lemma that H "(m)' is of finite 
type. As for ii) (4.6.2) shows that if M/F and M/V are coherent 
k-complexes then so is W/p e, M . However, if I=[m,n] then M/F and 
M/V are zero in module degrees above n_ resp. below and (4.6.1) and the 
coherence of M/(F,V) show that modulo coherent complexes M/F resp. M/V 
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is isomorphic to its module shift one step to the right resp. to the left 
which clearly implies that they are coherent. 


We will denote by D.(F-g-str-1) the category of coherent complexes. 
Putting together (4.7 ii) and (5.2 ii) we get 


Theorem 5.3. S and Lt gtve tnverse equivalences between D.(R-1) and 
D.(F-g-str-1) and DP(R-I) and p>(F-g-str-I). 


Of course § and Lt do not preserve the standard t-structures. Let 


(os ,620- I) denote the t-structure induced on p?(R-1) by (G ace ier"). 


Stee ot) 


Proposition 5.4. § takes (G*"- to the standard t-structure. 


It clearly suffices to show that if Me p(R-1) and $(M) € F-g-str-1 
then MEG or by (1.2) that s(M)€W-mod and that Ry er M has amplitude 
[-2,0] . However s(M) = S(M)~ so clearly s(M)€W-mod and (3.4) shows that 
Ry e, M has amplitude [-2,0] . 


It is clear that Lt(M) is not a very convenient description of the 
R-complex associated to M . Our purpose is now to give a more explicit 
description in some cases. Here comes a point where we will prefer to work 
with the slight variant of F-gauge structures of level I mentioned 
before i.e. where we require an extension of the action of Wo [F,V] to its 
pe -adic completion and work with R instead of R . Let us call such objects 

F-gauge-structures. We will denote by t'(-) the functor from F-gauge 
structures to complexes of R-modules corresponding to t(-). As coherent 
F-gauge structures are p-adically complete they may be regarded as 
F-gauge structures. More generally we can take the p-adic completion of 
any F-gauge structure of finite level. 


In particular the completions of the G. we will denote G.. . It is 
Clear that they form a set of projective generators for F-g-str-I : 
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Lemma 5.5. The G. are noethertan F-gauge structures of level I. 


Indeed, they are finite type modules over the p-adic completion of 
WCESVI which is well known to be noetherian. 


Theorem 5.6. Let M be a coherent F-gauge structure of level I such 
that Lt(M)€A-I (:= AND(R-I)). Then Lt(M)=t'(M). 


Proof : As M is coherent we can by lemma 5.5 find a resolution H* —>M 
of M_ such that 1 is a finite sum of Gis . Then Lt(M) is the comple- 
tion of t'(H'). I claim that t'(H*) already is complete. For this it 
suffices to show that t'(G,) is complete. The analogue of (4.2) gives that 


t'(G.) = R(B; @ a) + WF .Fo'}(6, 6 a.) where W{F,F°'} is the p-adic 


' m<i<n 7 


cl . As R and W{F,F7!} are complete as R-complexes 


completion of WI[F,F 
we are through. Hence Lt(M)=t'(H*) and we get a well defined morphism 
Lt(M) = t'(H*) —> t'(M). By definition t'(H') is the simple complex asso- 
ciated to the double complex obtained by applying t'(-) pointwise to H’. 
We will denote this double complex t"(H*) and we have a mapping of double 
complexes t"(H*) —> t'(M) of R-modules where the simple complex t'(M) 
is regarded as a double complex in the usual way. We will now consider the 
morphism of spectral sequences associated to this morphism of double com- 
plexes. We have Eye (t'(HI) 1 a") (resp. (t'(M)!,0) if j=0 and zero 
(Hw s 1...) 


J wt GS pd SS pdt SL), Note first that by the 


definition of t'(-) t'(HY)' resp. t'(M)' are concentrated in degrees -i 


if not) where 


and -i+1 . As the two spectral sequences are spectral sequences of 
R-modules this shows that d= 0 if r>3 . Furthermore, t'(-) is a left 


adjoint so right exact which shows that °F (Hs) > ED? (M) is an isomor- 


2 
phism for each i and as d.=0 if r>3 ctu) —> cO>1(M) is still 


an isomorphism. Now the spectral sequences converge to H'(Lt(M)) resp. 
H'(t'(M)) so we get a commutative diagram 
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This shows that Lt(M) —> t'(M) induces a split surjection on cohomology. 
Furthermore, the kernel of H'(L£(M)) —> H(t! (M)) being an extension of 
subquotients of the ed°K(H*) for k<i_ is concentrated in module degrees 
< -i (so far we have not used that Lt(M) € A). I claim that this implies 
that t'(M)E€A, that Lt(M) —>t'(M) is surjective in A and that its 
kernel is Hodge-Witt. Indeed, construct a distinguished triangle 
—> K — Lt(M) — t'(M) —» and consider the long exact cohomology 
sequence ...—> HICK) —> HI(LE(M) —> H1(t'(M)) —> ... The fact that 
H'(LE(M)) > V(t! (M)) is a split surjection implies that H'(Lt(M)) = 
H'(t'(M)) @ HI(K). This gives first that Hit! (M)) and H'(K) are coherent 
being direct factors of something coherent, hence that t'(M) and K are 
coherent and secondly that HT (t!(M)) and H¥(K) are generated by its 
degree -i part being images of something that is, which by definition 
means that K,t'(M)E A. Finally H1(K) is concentrated in degrees < -i 
and is generated by its degree -i part and therefore it is a shifted 
Dieudonné module so K_ is Hodge-Witt. As K,t'(M)€A the distinguished 
triangle —> K —>Lt(M) —> t'(M) —> is in fact a short exact sequence 
in A. 

We have to any NE A-ING-I associated two objects a(N) :=t'(S(N)) and 
b(N) in G-INA-I such that b(N) is Hodge-Witt and we have obtained a 
functorial short exact sequence 


0 — b(N) —N —a(N) ~0. 


We want to show that b(N) is 0. One case is clear namely when N_ con- 
tains no Hodge-Witt subobjects. Suppose that we also know it when N_ is 
Hodge-Witt. Consider the exact sequence in A 
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0 —> HW(N) —> N —> N/HW(N) — 0. 


By definition of G an NEA is in G iff it has no non-trivial s-1- 
torsion quotient. Hence any quotient in A of N is also in G. On the 
hand, any Hodge-Witt diagonal complex is also in G so both HW(N) and 
N/HW(N) are in G . Consider the diagram 


0 — b(N) —~ N —® a(N) —0O 


| | 


N/HW(N) > a(N/HW(N)) 


| 


0 


The fact that N/HW(N) > a(N/HW(N)) implies that b(N)cCHW(N). If we can 
show that a(HW(N)) —» a(N) is a monomorphism we immediately get b(N)=0. 
Let L be the kernel of a(HW(N)) —> a(N). As a(HW(N))=HW(N) is Hodge- 
Witt L is Hodge-Witt and by (1:1.5.1) H'(L) —> H'(a(HW(N))) is a mono- 
morphism, However, we have seen that H1(N) — H'(a(N)) is split and the 
splitting is clearly functorial te) H1(a(HW(N))) > H¥(a(N)) is a direct 
factor of H!(HW(N) ) —>H'(N) which again by (1:2.2.2) is injective. 
Therefore H'(L)=0 and so L=0. 


We are hence left with the case when NE Aw and we want to show that 
N=t'(S(N)) or properly speaking N= t'(H9(S(N))). However, by (0:5.1) we may 


assume that N=e H'(N)[-i] and then S(N) is an F-gauge structure and 
; 2 
not just quasi-isomorphic to one. Hence we have a morphism of complexes 


Lt(S(N))=t'(H") — t'(S(N)) where H* —> S(N) is a finite type projec- 
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tive resolution of S(N) as before. The composite Lt(S(N)) —> t'(S(N)) 


adj, N is an isomorphism. However, we have already seen that 


Lt(S(N)) —> t'(S(N)) is a split epimorphism on cohomology so it is an 


isomorphism. 


Corollary 5.6.1. Let M be a coherent F-gauge structure. Then 
t'(M) = H(LE(M)). 


Proof : We saw in the proof of the theorem that Lt(M) —> t'(M) induced a 
split surjection on cohomology and that by construction t'(M)" is concen- 
trated in degree -i and -i+1 . As Lt(M)e Goa? H'(LE(M)) is generated 
by its part of degree less than or equal to -i and so is H'(t'(M)) being 
a direct factor which also shows that H'(t'(M)) is coherent. As it is also 
concentrated in degrees -i and -i+1 it is generated by its degree -i 
part so t'(M) is a diagonal complex. Consider the diagram in D(R) 
Lim —> F°(Lé(m)) 


va 


ee 


t'(M) —> t'(HO(S(HO(LE(M))) 


By the theorem » is an isomorphism. As t'(M) is in A w_ factors through 
mu HO(LE(m)) —> t'(M) is a split 


monomorphism as is a fortiori the map induced on cohomology. However, the 


(Lt(M)) and as @ is an isomorphism 


map on cohomology induced by w is a split surjection so H(LE(M)) — 
t'(M) is a quasi-isomorphism. 


Il 


Diagonal complexes revisited 


1. We can now obtain more information about diagonal complexes by using the 
results of II. 


Proposition 1.1. The functor S$((-)[1]) gives an equivalence from the cate- 
gory of $-acyelie dtagonal complexes to the category of coherent F-gauge 
structures M with M=0. 

Proof : An s-acyclic diagonal complex N is g-1-torsion so by defini- 
tion N[1]€G and S(N[1])€F-g-str . Furthermore, S(N[1])”=s(N[1])=0 . 
Conversely, if M is a coherent F-gauge structure with M’=0 then 
s(Lt(M)) = 0 so by (1:4.2 iv) Ai (Le(m)) is s-acyclic for all and in 
particular s-1-torsion. This implies that H'(Lt(M)) =0 if i#-1 so 
Lt(M)[-1] is an gs-acyclic diagonal complex. 


Definition 1.2. tet I=[m,n] be a finite interval and J a subset of 
[m,n-1]. Let M(I,J) be the F-gauge structure with M(I,J)!=k tf ie€l, 
0 if not, F: M(I,J)* > M(I,J)'*! ts the tdentity tf i€J and 0 if 
notond VM(t a)" = a)" ge eee tae TET vend. 0 ap 
not. We will denote by M(I,J) also the associated $-acyelie diagonal 
complex. 

It is convenient to represent M(I,J) by a directed graph I as 
follows. The vertex set of IT is I and there is an arrow from i to i+1 
if F: M(I,J)! => M(1,a)'*! is the identity and an arrow from i+1 to i 
¥:m(1,g)'*! —» m(1,g)1 is the identity. Thus M({0,1,2},{1}) will have 


012 
ee >. aS graph. 
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Proposition 1.3. The M(1,J) are prectsely the tndecomposable s-acyclie 


dtagonal complexes killed by p tf H=1 


Indeed, let N be the F-gauge structure associated to an indecompo- 
sable s-acyclic diagonal complex killed by p and let I=[m,n] be its 
level. By induction we may assume the result true for level I' :=[m+1,n] 
Let N' denote the F-gauge structure with Nils ni if im and 
N'™=0 and the same F:s and V:s as N except between N'” and 
yimet . By induction N' is a sum of M(I",J):s with I"cI' and in 
fact necessarily have m+1€I" because a factor M(I",J) in N' with 
m+1¢1" would give a non-trivial factor of N. 


Let us admit for the moment that for any two pairs (1,.d,) and 
(I, sJ5) with [ystge! m-1€ I, 51, ‘ J,c], Nn [m-1,n-1] and 
JocIn {m+1,n-1} there is either a morphism M(T,,J,) — M(I4,J5) or one 
M(I, Jo) _—> M(I,,d,) inducing the identity in degree m+1 


m+1 


Suppose that Fin" —>N is non-zero, pick some kon™ such that 


Fig? 0 and fix some decomposition aN, of N' into indecomposables. Using 
the admitted resulted it is clear we can find an automorphism w of N' 
which is a product of "elementary matrices" of the form id+p , y: N. —_ Ny» 


i#j , such that the image of k_ by F lies in one of the factors N, of 
) 


+ . A . 
met is an isomorphism we 


7 
fe) 
can find a complement T of k in N” such that the composite 


the decomposition v(eN ; ) of N'. AS F:k —>N 


 : 
is zero and hence N":=(... 0 S>k > nrrl= 
) fo) 


Pe Nes 


V 
mS ...) iS a non-zero direct factor of N and so equals N. Clearly 
ie) ~ 
N" is of the form M(I,J). Similarly, if V is non-zero. If both Vand 
F are zero then N=N"eN' so either N=N" in which case N= k(-m) or 


N=N' where the result has been assumed by induction. 


N 


It remains to show the result we have so far admitted as the M(I,J) 
are clearly indecomposable. Let r be the largest integer <n _ such that 
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if m+t1<i<r then i€ J, iff i€ Jo . Suppose r=n .. By symmetry we may 
assume I,cI, so that J,=I,Md,. If I,=1, then M(I,,J,) =M(I5.d5) 
and there is nothing to prove. If not let I, = [m+1,s] 


Then the graphs are like the following 


M(I,5d,) : mye oe 


M(I,,d 


ees eee ates, 
27 or 


ee Nee es 


In the first case M(1,.d,) o> M(I, so) and in the second 
M(I,.J5) >? M(I, 5J,) and both morphisms induce the identity in degree 


m+1. 


In the general case the graphs of M(I,,J,) and M(I,,J,) are the 
74 ' 2°72 
same up to degree r+! and then one continues with S+1-l+#2 and the other 
fel re, . In the e»>-case there is an epimorphism to M([m+1,r+1] , 
Jy [m+1,r]) = M([m+1,r+1] Jn [m+1,r]) and in the ~<—-case we have 
M([m+1,r+1] J, [m+1,r]) as subobject in both cases inducing the identity 


in degree m+1 . Composing these two morphisms we get what we want. 


Diagonal dominoes 


Definition 2.1. A diagonal domino is an s-torston diagonal complex without 


fintte torston. 


It is clear that a subobject of a diagonal domino and an extension of 
diagonal dominoes is again a diagonal domino. Also any s-1-torsion object 
contains no finite torsion as its finite torsion would be at the same time 
1-torsion and Hodge-Witt and so zero by “survie du coeur". In particular 
acyclic objects are diagonal dominoes. Finally, by (1:2.2.2), any domino 
S a diagonal domino. 


$ 
$ 
i 
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Lemma 2.2. i) (H=1) Let MEA be s-torston. Then M has no non-zero 
srUnvonevon (s-1-torston) subobject (resp. quottent object) tff 
Hom a( Up »M) = 0 (Hom (Ms Up) = 0) forall k. 


ii) If M ts a diagonal domino then so ts 5°(m) and W=b° 


M ts gs-O-torsion iff °c) 


(B°(M)). Azso 


ts $-1-torston. 


jii)Zet M be an O-torston (g-1-torston) diagonal domino and let 


s- 
o:Z2—~>N then Mp) (M(-~)) Zs an s-O-torston (resp. §-1-torston) 


dtagonal domino. 


Suppose M_ s-torsion with no non-zero s-0-torsion subobject. As the 


image of any uf —>M is s-0-torsion by (1:4.2) Hom (Us M)=0 . Conver- 


xo? 
sely, if Hom (UG M) = 0 then this is also true for any subobject so it will 


A 
suffice to prove that H°(s(M)) = 0. As H°(s(M)) is torsion by assumption 


it will suffice to prove that Ho" (k ae s(M))=0 . By (0:4.3) 


H'(R, a7 m)J=0 if i+j=-1 so the spectral sequence 
HT(R, @& MI =e HIN (k gt s(M)) 
1 °R W = 
gives Ho" (k a, s(M))=0 . The second part of i) is proved in a similar way. 
5° cm) is without finite torsion by 
5° (m) 


Let M be a diagonal domino. Then 
(I:1.11) and D(M) = 5° (m) by (1:1.8). Hence D is s-torsion by the 
formula s(D(M)) = RHom,(s(M),W) and M=B°(B°(m)) by (1:1.11). Finally 
g(D(M)) = RHom,(s(M),W) shows that D°(M) is 


g-1-torsion. 


s-0-torsion iff M is 


To prove iii) we may by ii), the fact that M(p) is clearly without 
finite torsion and D((-)(»)) =D(-)(-»), assume that we are in the resp. 
case and by the formula M(p)(W) =M(p+p) that (n) = bs, for some i so 
that s(M(@))=S(M)' . However by definition M[1]€G so by (11:4.4) 
s(M()) is concentrated in degree 1. 


Let us introduce the notation m.(-) for (-)(~) with (n)=-i for 
all nn. Hence m, (Up) = Ue and m. takes s-0-torsion (s-1-torsion) 
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diagonal dominoes to s-0-torsion (s-1-torsion) diagonal dominoes if i<0 


(i>0). Note also that m(m5(-)) = msg) and My = id. 


Theorem 2.3. i) Any diagonal domino admits an exhaustive, separated and 
fintte filtratton by admtsstble subobjects 


Mo... WS /2oySswS*!/2 5...50 © 2sez 


such that 


s+1/2) 


a) if sez m,(W°/W is s-acyelic 


b) <f s=r-1/2 ,r€Z, then WkEeZ 
k S$, )St1/2)) _ Ss ,S+1/2, ,k \ _ 
Hom «(Ug »m,.(W> /W )) = Hom ,(m,,(W° /W ),U,)=0. 


ii) The filtration is determined by a) and b), W° is an idempotent radical 
and m,(W°(-)) =WS"(m_(-)). 
444) B(WS(-)) = B(-) we $41/259(-), 


This filtration will be referred to as the type filtration or the fil- 
tration by type. 


Proof : Let M_ be a diagonal domino and let Fl, Fe, g! and G have the 


meanings of (1:4.5). As F°/F!=G¢/6' is Mazur-Ogus H!(s(F¢/F')=0 and 
(1:4.5.3) and the fact that M is s-torsion show that H°(s(F¢/F!)) SO 
Fe yr! is s-acyclic but by the definition of the Mazur-Ogus property this 
gives F¢/F)=62/G¢!=0 so Fe=F! and 6¢=6! ; 
is the largest s-0-torsion subobject, we! the largest s-1-torsion quo- 


tient of M, by (1:4.5) F'/c! is s-acyclic and by (1:4.5.3) M/F! is 
es, 


2 


. Hence OcGlcFlcM, F 


$-1-torsion so a diagonal domino. Thus Gand F! are admissible sub- 

objects and they are also clearly idempotent radicals. I claim that if r<0O 
then m,FlcG'(mM) and if r>0 then F'(mM) <m.c! 
the first inclusion. By lemma 2.2 mF -0-torsion so 


mF —> Fl(mM). Now consider mF —_> F!(m,m)/6'(m,M). The left hand side 


.- Indeed, consider 
is 


Nn ~> 
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is s-0-torsion and the right hand side is s-1-torsion so bY (1:4.2) the 
image, N , is s-acyclic so if it is non- zero it has some Uy as ia. me 
so would mF . Hence F! would have m lg = Uy as image but F! (F! r= 
and Fun = so Aer eeta aiey of Ff! gives a rca heise Thus 

mF" 
is proved in a similar fashion. We now ae for seZ, WM: =m_ _(F! (mM) ) 
and we” !/2 .. 
admissible subobjects and we have just shown that it is a descending filtra- 


—> "Fl (m M)/e" (mM) is 0 so m. F! —_ g! (m,, M). The second inclusion 
m_.(G'(m.M)). As m_, preserves diagonal dominoes these are 


tion. Property a) is clear as we have shown that F! (mM) /62(m,M) is 
s- Severs As for ee we need to show that for any diagonal domino N , 


Hom (Uf sm,G'(m_,N)/F'N) = Homa(m,G'(m_,N)/F'N,US,)=0 for all k . Put 
1 


H:= m,G" (m_,N)/F'! N . Then by the definition of F and g! » H_ contains no 
non-trivial s-0-torsion subobject and m_,H has no non-zero s-1-torsion 


quotient object. We then conclude by lemma 2.2. 


Let us now show that a) and b) characterize {W°} . By applying m. it 
0 and wi/2 
we want in fact to show that they equal F! resp. q! By a) and lemma 2.2 
we see that Hom (ws /wS*!/2 yr) = 0 if s>1/2 . Hence Hom oe Te 0 

Wg! . In the same way one shows that Hom (Uy sM/W°) = 
1/2 


is clear that it suffices to show that W are characterized and 


and by lemma 2.2 W 


so by lemma 2.2 m/w? is s-1-torsion and as wo yw 
1/2 1/2 


is s-0-torsion 


M/W O_F! 


similarly. 


is s-torsion and g! cW . The equality W is shown 


Now m,(WX-)) =W>"(m(-)) follows from the definition and the W° are idempotent 
radicals as g! and F! are. By (2.2 ii) Doce! (-)) = 3°(-) /6'B%-) and 
DG! (-)) = 5° (-)/F'p9(-) so iii) follows. By (I:1.11 iv) there is an S5 
such that W°=W°° if S2S, and W° then has the property that m We is 
s-0-torsion for all large r . From (2.2 iii) it then follows that WS() is 
s-0-torsion for all @:Z—>Z and then (1:2.2) implies that W°° is 
finite torsion and WSo is zero as it is without finite torsion. This gives 
separation and finiteness in one direction. Exhaustiveness and finiteness in 


61 


the other direction follows by duality from this and iii). 


Definition 2.4. The type of a diagonal domino M is the function 
o:1/2.Z2 wz defined by 


o(s)(i) := TTT WSmywS*!/2m) 


(cf. (0:6)). We will say that M ts of type s if o(t) equals the zero 


functton whenever t#s. 


Thus the diagonal dominoes of type 0 are exactly the s-acyclic 
objects and with the aid of m,, the study of diagonal dominoes of type r 
is reduced to the study of those of type 0 . Similarly type r-1/2 is 
reduced to type -1/2. 


Proposition 2.5. A diagonal domino of type -1/2 ltes in G. A torston 


object in G ts a diagonal domino tff 
Hom (Uy aM) =0 forall k. 


Indeed, a diagonal domino M of type -1/2 has no non-trivial .s-1- 
(UM) = 0. 
Conversely, let MEG with Hom, (Ut 4M) = 0 forall k . We have an exact 


sequence in G 


torsion quotients so is in G and by definition Hom,(Us 4M) = Hom 


“0 


o —> Wl (m)r1] —> w —> Pm) —> 0 


so Home (Uys '(M) (11) = 0 forall k. 


Lemma 2.5.1. Let NE€A and suppose that for some i andall k 
k 7 7 

Homp (py (U; NE 1]) = 0 . Then N=0. 

Proof : Applying m(-) we may assume i=0 . By (0:4.3) we get 

H'(R, e M)J = 0 if i+j=0 so the spectral sequence 


H"(Ry op NI =e HICK ol s(N)) 
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shows that H9(k et 8) SN 0 andNakayama's lemma gives H°(s(N ))=0 and, as 
H!(s(N)) is oa H "(s(n)) = 0 so by (1:1.4) N is s-acyclic but this 
together with (1:1.4 ii) and H'(R, os N)J=0 when i+j=0 gives 


R on N=0 so N=0 by (0:4). 


1 
The lemma applied to rm gives that MEA and now Hom, (U . M) =0 

by definition and Hom,(M,U, U Ky 0 by lemma 2.2 and the first equality gives 

t'(M) = 0 

Corollary 2.5.1. The category of diagonal complexes of type -1/2 ts equt- 

valent to the category of torston coherent F-gauge structures M ful- 

filling the followtng property 


i-1 


ek > yemM and t applted to the tmage 


(*) For any 1, tf xeM 
ee x in M equals the image of y in M” then x=y=0. 


Proof : To prove the corollary it will suffice to show that for any F-gauge 
structure M , Hom(S(U4) 5M) = COxy) € MRT DMT t’ applied to the image of 
Xx : equals the image of y in MO}. However, it is clear that 

s(UK)ie2k if izk and 0 if isk, that F:s(ut)’ > s(ut)'*! 
identity if i>k and zero if not, that V: s(ut)' —> s(uy) | 
i>k and the identity if not and that +t is the p'th power map. This 


is the 


is zero if 


gives the desired description. 


We will finish our study of type -1/2 by constructing a few examples 


and show that we have obtained at least all weakly simple (cf. (I, 1.5)) 
objects when H=1. ; 
Let MEA be s-acyclic. Put I:={ie€Z: Hom ,(M,U,) # 0} and 


I'={ieZ: Hom (Uy sM) # 0} and suppose that InNI'=@. Fix some J_ with 
IcJ and JNI'=@ and put N:=M(@)) where 3 (n n)=0 if ngJd and 1 
if neJ.I claim that N is of type -1/2 . Suppose that Hom (Uy oN) # 0. 
If ig¢J then U, ae -0)) = us and M= ane so we would have a non-zero 


1/2) 7 V/2a:. 
U,=U, M 


toriality of wi/2c.y, If ié€J then Hee so we would have a non- 


U, —>M but W and W so we get a contradiction by func- 


ae 
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zero Uy —>M contradicting JNI'=§ . Suppose now that Homa(NsUg) # Ox 
If ig¢J then we would get a non-zero M —~ Uy contrary to IcJ. If 


-1/2 


i€J then we. would get a non-zero M uu, but W M=M and 


Neate ape 
Conversely, let N be of type -1/2 and JcZ such that M:= N(-@;) 
is s-acyclic. Reversing the arguments we get IcJ and I'NJ=§. 


To M(1,d)(o) we will associate the directed graph with distinguished 
vertices I , where the graph is that of M(I,J) and the vertices in KclI 
are distinguished. Graphically we will distinguish vertices by a vertical 
ON 933 the graph of M({0,1,2,3,4},(0,2,3}) (9) The 
condition that M(T,J)(o) be of type -1/2 is then that neither an undis- 
tinguished source ...<e>..., o>... or ...<* nor a distinguished sink 


line. So is 


oo mee gee... «6COFCw we tSC*CC. 

Proposition 2.6. The diagonal domino M = ee a es ts tsomorphic to 
ar 

eee ee 


Proof : Assume that we know it for band £4! . what we need to prove 
is that (2. hee.) (0 5 443) > (...<...). Hence we may assume that i is 
the only distinguished vertex of (...-...) and then we first want to 
prove that M(-7 4443) is s-acyclic. It is clear that there is an admis- 


Sible filtration O<M,cM,cM of M s.t M, and M/M, are s-acyclic 


1o% 
and M,/My=P2 e.g. if M=(...cbeetL..) then M,=0 and M/M, = 


i +1 
(... >) @ (<...) but My = My (Or 5443) > M/M = M/M (07 5 443) and 


_ i #i : : ; : 
Mo /M 4 (-O¢ 5 443) =(<—) by assumption so M(-0r 5 443) is s-acyclic being 
an extension of s-acyclic objects. The following lemma then shows that 


S(M(-0. 5 443))9 -—>k if j belongs to the vertex set I of an | 


and 0 if not. 


Lemma 2.6.1. i) Galan | ts additive for short exact sequences in A. 
ii) TI '(-(y)) =T'? | for any o:Z-—~Z of finite support. 
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iii) If MEA ts s-acyelte then T!71(M) = dim, S(M)! ; 
Indeed, let 0 — My > My > M3 — 0 be exact in A. Then by 
definition of A HT T(m3) . H"(M,) is zero except in degree -i+1 


where H'(M, ) is killed by a power of V so 6 factors through 


HI T(m) 71 v" for some n and so the image of 6 is of finite length. 
Thus 


(ee H'(M,) —> H' (My) —_ H'(M3) —> 0 


is exact modulo finite length which gives additivity for Tee); Now ii) 
is obvious as T'? '(-) only depends on the R°-complex structure and so 


is independent of d . Finally, iii) follows from i), dévissage and explicit 
J 
0° 

It is not difficult to convince oneself that M(I,J) is characterized 
by the facts that dim, M(I,J)'= 1 if i€1,0 if not and that for all 


ié€I it has M([i,i+1],{i}MJ) as a subquotient. 


calculation for U 


Using this we see that in order to prove that M(~Oy 5 443) is isomor- 


phic to N(-01 5 443) we can use the filtration OcM cM <M above and 


2 
reduce down to M= (gat!) which is true by assumption. 


We are hence left with M= (Lott and by shifting we may assume i=0. 


We know that Pot is of type -1/2 and if we also know that (>) (-/ 4) 
is s-acyclic then among the three possibilities 0, ' ; a or Qt for 


it we must have Qt because otherwise (++>)(- ) (»,,,) would not be 
{-1} {1} 


of type -1/2 by the discussion above. Hence we would have t->=~<— (43 ) 
=<—,. It is therefore enough to show that Q:= (H> (-9,4})) is s-acyclic. 
Now we have a short exact sequence 


o— (1) —> (e+) > (°) —> 0 
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and hence an exact sequence 


(2.6.2) oul, +a> 


ic 
(=) 


which gives a long exact sequence 


0 — H°(s(Q)) — k > k  H'(s(Q)) oO. 


Assume that Q is not s-acyclic. Then both H°(s(Q)) and H'(s(Q)) are 
isomorphic to k so OgW°QGQ and H°(s(W°(Q)) =HO(S(Q)) by (124.5.3). 
Hence the composite »:WQ —> Uy induces an isomorphism after applying 
s(-) so by (1:4.2) its kernel and cokernel are s-acyclic. As U, has no 
non-trivial s-acyclic quotients is an epimorphism and as the kernel is 
contained in uy’, which has no non-trivial s-acyclic subobjects » isa 
monomorphism and so an isomorphism. Therefore (2.6.2) splits and Q would 
be decomposable and by additivity of (-0, 93) (0, 44) so would a which is 


clearly false. 


Let now Na oe (esas bgvintlly sand Natt (S4e4) . Then N 


and Nn 
are -1/2-diagonal dominoes. 


m,n 


Theorem 2.7. The category of type -1/2 diagonal dominoes ts exact, weakly 
noetherian and weakly artinian (cf. (1, 1.5)). Its weakly simple objects, 
when H=1 are the Nn _ and Na 7 


The first part is clear. Let H=1 and let M be a weakly simple type 

-1/2 diagonal domino. By artinian induction using (1:1.11) we may assume 
that every type -1/2 subobject such that the quotient of M by this sub- 
object is non-zero and without finite torsion contains some Naan or Nia 

as admissible subobject. I claim first that M is killed by p . Indeed, 
the kernel and image of multiplication by p in G are of type -1/2 by 
Proposition 2.5 being subobjects of M . Hence the kernel of p is an 
admissible subobject of M .It is not 0 however ; as s(M) is torsion 
S(M) is torsion and p is not injective on M.As M_ is weakly simple 
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the kernel of p is all of M. Now Hom, (M,U}) # 0 for some i because if 


not O=W'M=M by (2.2). Let @:M—> Uy be non-zero. By (0:4.2) and 


(1:1.5.1) every non-zero proper subobject of U, is isomorphic to u; for 
j<0 but Hom, (M,U;) = 0 if j<0O by (2.2) so p:M —~> U, is an ausaore 
phism. Let N_ be the kernel of o . Suppose first that w'/2y = 0 . Then N 
is s-1-torsion by definition. We get a short exact sequence by (1:1.4) 


0 —> H°(s(m)) > k > HN(s(N)) SO. 


As M is not s-1-torsion i OC s(M ))# 0 so N is 
H'(s(m)')=0 , NI1J}€G so HO (300) )=0 and as 
ai 


rele Now MEG so 


s 
HO(S(uy )')=0 the exact 


sequence H°(S(N)') —> H°(s(m)!) —> H 
Thus, in the notation from above, M(~, 54) 
and killed by p as M is .As M is of type -1/2 we see by the dis- 


s(u})' ) gives H scm)! ') =0 
is s-acyclic and indecomposable 


cussion above that the only source of the graph associated to M(-o, 54) is 
at i andso M=(...<~+> > ...). By using (2.6) repeatedly we can move 


the sink and the distinguished vertex to the right and so for some m,n 
M= (Dewe .., «<~]) = N . We may therefore assume that yi/2 


m,n N#0O and as 
1/2y 1/2 


it is without finite torsion. 


N by Uy 
1/2y 


1 


Further, W is of type -1/2 and so there is some admissible NcW 
with HSN) or NO. Put N':=N/R and M':=M/R . Now W!/@m =m 


as M' is a quotient of M . However, M' is not of type -1/2 as M is 


M/W is an extension of N/W 


1/2y 


weakly simple and so, for some k , there is a non-zero ut — M'. As 


wi/2ye - wen i is of type -1/2 Hom (Us sN') = 0 and hence the composite 
ut —_> M — U is non-zero. By (0:4.3), and [I1-Ra:I.3.7] and modification 
by my >» » Hom,(U, yk Uj) =0 if k#i whence k=i and by (0:4.2) the composite 


is an isonor dhs arcade M'=N'e U . Let N"~ be the inverse image in 
M of the U,- -factor. Thus N" is an extension of WN by U, whence 

wi /2ryn N" and being a subobject of M , wine =0 so N" is of type -1/2. 
On the other hand, N' is a quotient of M_= so wi/2ye N', so N'= wien i 


and so of type -1/2 by assumption. As N'=M/N" and N"#Q M=N" as it 
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is weakly simple. We have therefore obtained a short exact sequence 
(2.7.1) 0 >i >My; 0. 


We now have two cases 


i) N=M oy 
f= (eset ef 25 +) and so (2.7.1) shows that M(-o, 54) is an exten- 


sion of something s-acyclic by something s-acyclic and so vis” s-acyclic 


. Suppose i¢ [m,n] . By repeated use of (2.6) we get 


and is indecomposable and killed by p as M is. However, ha "(M(~9, 5 3)) = 
T'>"'(m) =2 which contradicts (1.3). Hence ig¢[m,n] and so M(- “14 ny? 

is an extension of s-acyclic by s-acyclic and so s-acyclic and inde- 
composable and killed by p . Clearly then i=m-1 or n-1 and the graph 
of M(-Or 5 ny) has vertex set [m,n]U{i} and sources at most i and n 
and no sink at i or n as M is of type -1/2 . This gives 3 possibili- 
ties for M: We ee ere 3 re tl Ue egal. 

In the first we use (2.6) repeatedly to get either mr, : ele, <4 
or mh . The first is an extension of mh, cane <i by de Mos <4 
and so not weakly simple. The second is Nae 1° The second possibility is 

N and the third is either Nn or by (2.6) Bes << t] which is 


an extension of ea by puny and so is not weakly simple. 


m,n+1 


ii) N= Nea . As in i) one shows that i=m-1 or m+3 and we get the follo- 
wing possibilities ree ; Rietey . The first is isomorphic to the second 
shifted one step by (2.6) and the second is an extension of m4 by mee) 


and so not weakly simple. 


It remains to show that the Na . and Ne are weakly simple. Now 
H°(s(-)) is exact on diagonal dominoes of type -1/2 and zero only on the 
zero object. As dim HO(s(Ny ,)) = 1 this shows that Naan is weakly simple. 
On the other hand is No were not weakly simple then some sees simple 


admissible subquotient M' would have Z pievtmsy = = im Ts i (No, )=3 


and it would be among the Le and Nia re ) tiem i )>2 oe those. 
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Dominoes 


3. We will now see how dominoes fit in. 


Proposition 3.1. The dominoes are exactly the diagonal dominoes of level 
[0,1]. 


Proof : From (1:2.2.2) it is clear that a domino is a diagonal domino and it 
is of level [0,1]. Conversely, again by (1:2.2.2), a diagonal domino M of 
level [0,1] has Hw(H2(M) ) = 0 so Hm) is by definition a domino and 
because M is of level [0,1] M=H°(M). 


From (2.8) or (2.5.1) it follows that there are no dominoes of half 
integer type. It is also clear from the description as F-gauge structures 


taht a domino of type 0 is a direct sum of Ug?s (cf. III:1.2). Hence 


Proposition 3.2. Any domino M has a unique filtration 


0c...¢ WMcW MoM 


s.t. wimwit ts tsomorphic to a sum of Ui3s : 


The type of M can then be identified with a function o: Z—>N 
s.t. o(i)=dim WiMwit'M 


Proposition 3.3. Let M be a domino of type o 


i o(i-n) 
ae i o(i-n 


1 


Igth H2(M,F%d) 


Igth H'(M,F"d) =) i o(-i-n) iene Fes a SO. 
1EN 
Indeed, by shifting 4 la Nygaard we may assume n=0 and as 
HO(U;.d)=0 if 4<0 and H'(U,.d)=0 if 4>0 we get HO(M,d) = HO(W°M,¢) 


and H! (Md) = H! (m/w'm,d) and on dominoes with wo(-) = id H2(-,4) is 
exact and on dominoes with Wi 0 H!(-,d) is exact so we reduce to 
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M= U; where we compute directly. 


Mazur-Ogus objects 


4. Recall, (1, 4.3), that a diagonal complex M is said to be Mazur-Ogus iff 


Hom (M,N) = Hom 


(Nott) = 0 for all s-acyclic N. 


Proposition 4.1. The following are equivalent for MEA 

i) M ts Mazur-Ogus. 

ii) HT(R, es mys = Hit (K e, s(M)) degenerates, H'(s(m)) = 0 and 
H°(s(M)) ts torston free. 


H41) bo) =F hie"1(m) (of. (0:6.2)). 


Indeed, i) => ii) is (1:4.4). Now ) | niem*(m) < bom) with equality 


5 : So rae 1 
iff HT(R, of mJ =edet=e3*! and by(M)<bp*(M) with equality iff 
H°(s(M)) and H!(s(M)) are without torsion. This and (1:1.4) gives 
ii)<— > iii). Finally, ii), (0:4.3) gives Hom(Up.M) = 

Hom,(M5U5) = 0 for all i when H=1 and (II:1.2.1) gives i). The modifi- 
cations needed for Hz1 are left to the reader. 


Theorem 4.2. i) MEG ts torsion free in G@ tff MEA and in the notattons 


of (1:4.5) Ge=M and Gr as s-acyclic. 


ii) If N ts a virtual F-erystal of finite type then Lt(Hodge(N)) zs a 
Mazur-Ogus object in A. 
iii) If M in A ts Mazur-Ogus then MEG , S(M) its torsion free and 


S(M) = Hodge(S(M)~~ K) where S(M) K ts constdered as a virtual 
F-erystal as in Il. 


Corollary 4.2.1. If MEA Zs Mazur-Ogus then the Hodge filtration on 
s(M)/p cs given by the images of the S(M)!. 
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We may assume H=1 . The corollary follows immediately from (I1I:2.4.1). 
Let us now show that if Me Ag then Me€G and is torsion free. By lemma 2.2 
GoM = M so by definition MEG. Let N be the torsion subobject of M in 
G . As MEA the composite Te N —>N-—>M is zero so NEA. By (4.1) 
M is without s-torsion so N is  s-1-torsion and hence zero as it is in 


G . Suppose now that MEA with GM = Mand c'M is s-acyclic. Then we 
get a distinguished triangle 


—>¢) — mM — wo! — 6!11) 
and m/c! is Mazur-Ogus. Taking G-cohomology gives us an exact sequence 
(G2M=M —>MeG) in G 


CMW enye sg feo 


so M is a subobject of m/c’ which we have just shown to be torsion free. 


cM is always torsion MEA. 
1 


Now wi/2ce tM) is a torsion subobject of M in G _ so zero. Therefore F™M 


is s-acyclic and as M€G implies GM = M we get c'm = F'm . We have 


Conversely let MEG _ be torsion free. As Tt 


thus proved i). 


Let N be a virtual F-crystal of finite type. Then Hodge(N) is a 
torsion free coherent F-gauge structure and so M:=Lt(Hodge(N)) is 
torsion free in G. As ay is’ s-acyclic, N= S(M) = s(m/e!)® . Hence 
adjunction gives us a morphism s(M/e') — > Hodge(N) such that the compo- 
site Hodge(N) = $(M) —> s(M/G!) —> Hodge(N) is the identity. Hence 


1 1 


0o—>Gq —M— myo! —> 0 splits but as MEG and G is s-acyclic, 


g! = 0 and Lt(Hodge(N)) is Mazur-Ogus. This proves ii). 

Let finally M be Mazur-Ogus. We have seen that S(M) is torsion free 
and adjunction gives us a morphism $(M) —> Hodge(N) where N:= S(M)~~ . 
Applying Lt gives us o:M —> Lt(Hodge(N)) inducing an isomorphism on 
_ applying s(-) so the kernel and cokernel of is s-acycling. However M 
is Mazur-Ogus so the kernel is zero and we have just seen that Lt(Hodge(N)) 
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is Mazur-Ogus so the cokernel is zero. Applying S we get $(M) = Hodge(S(M~). 


The next corollary is so important that we give it as a theorem. 


Theorem 4.3. The functors s(-)™ and t'(Hodge(-)) gives inverse equtva- 
lences between the category of Mazur-Ogus diagonal complexes and the cate- 


gory of virtual F-crystals of fintte type. 


Proof : Combine (4.2) and (11:4.6). 


We will now use the explicit form t'(Hodge(-)) to obtain a result on 
the spectral sequence H'(M)9 =>H'(s(M)). Before we can do this, however, 
we will need the following lemma. 


Lemma 4.4. Let M bea coherent F-gauge structure of level I. Then 
t'(M)' is complete (and so separated) in the standard topology forall i. 


Proof : Recall that the standard topology on an R-module N_ is the topology 


defined by {dV"N+V"N} . We can find a resolution F! > Fo —M —0 


0 | 


where F° and F- are finite sums of Gts . AS M is coherent and F! 


Oh sr where 


p-torsion free we get an exact sequence Ff! aS F 
(4) denotes p-adic completion. This gives an exact sequence 

t'(F!) mp t'(F2) —>  t'(M) —0 and as t' (Fo)! are complete in the 
standard topology by the proof of (11:4.6) it suffices to show that the 
image of ®' is closed. In module degree -i this is clear as t'(FI)' in 
degree -i are of finite type over R? resp. WiF JF which are noethe- 
rian. In degree -i+1 we have t'(o)'; (R!)k —» (R'y* and furthermore as 
© is the completion of a morphism between G:s t'(0)! is a matrix with 
elements in R? - Let v2 be the highest power of V_ which occurs in this 


matrix. Then t'(®)' takes M = oF we'a)k to ae ade n2-J where 
r> r> 


F Sa=dv® , s>0 and the ) '-sign means series convergent in the p-adic 


topology. Note that Rr! - TT wav" Wr with the ) ‘sign having the 
r>0 r> 
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same meaning as before and the product resp. p-adic series-topology on the 
first resp. second factor. Now t'(®)' restricted to M* has image in 


n2-9 and Mt resp. n2-5 are of finite type over W{F} which is noethe- 
rian. Hence the image of Mis closed in n2-J and so in (R')® as 
nord is. Therefore the image of t'(®)' is closed iff the image of 


(R')Kym* —> (R')2/1m(M") is closed. Now (R')K/m* 4s profinite so this 
image is closed. 


Let now M= (V,F,N) bea virtual F-crystal. We will say that M is 
divisible by p|', i€Z, if p 'F takes N into itself. It is clear that 
for every i there is a unique largest sub-virtual F-crystal of M which 
is divisible by p| which we will denote dM . Clearly the dM form a 


descending filtration. Let now N€G and consider V= S(N) “a, K with its 
associated structure of virtual F-crystal. We have a spectral sequence 
H'(N)J => H9(s(N)) =S7°(N) . 


Let FN be the image in V of the Fit W?(s(N)) coming from this 
spectral sequence. From the definitions it is clear that (V,F,F<N) is 
divisible by p' so F.Ncd.M where M=(V,F S(N)~/tors). 


Theorem 4.5. Let NEG be Mazur-Ogus. Then FiN= dN forall i. 


Indeed, one direction has already been noted, so we need only show that 
the composite diM —_> N/F=N is zero. If we put T:= S(N), then we may 
assume that N=t'(T) and we want to show that if me dM then B;@m is 
0 in t'(T) for all j<i.As d.M is a decreasing Filtration it will 
suffice to do it for j=i-1 . It is clear that dMcMicm' | so that 
m=tn where nem! and t:M' —»M™® . Clearly also nenF “p’'mi! 

: QT 
As B,@m= p'(8. 6 n) it suffices to show that B;@n=0 . Suppose that N 
is of amplitude [r,s] with t:=s-r . We have Fn= p'n' for some 


n'en pep eiyi-t so EF’ Ft n-F'W'n' andas F' is injective we get 
Le 
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Fen = Vin! . (Here we let F resp. V¥ also denote the composite 
Pi ee See Sn Sew and similarly for V.). Using the 


relations in t'(T) we get B,e@n= V(8;@ n'). Iterating we get 


8.8 neq vert) teri which is zero by lemma 4.4. 


Theorem 4.6. The category of diagonal Mazur-Ogus complexes ts equivalent to 
the category of tuples (M,sMo »Ny No si s050) where M, and M, are torsion 
free diagonal Hodge-Witt complexes, Ny and No are dtagonal domtnoes with 
WN, =0 and wi/2n, = No »W ts a monomorphism M, >, , with fintte torsion 
cokernel, p ts a monomorphism Ny > Ny with finite torston cokernel and 


p ts an tsomorphism Coker ~y —> Coker . 


Proof : Let MEA) and put M, 
My is the largest torsion free Hodge-Witt quotient of M,N 
and No t= M/M, . Let yw be the composite My 9 
posite Ny —>M—> Ny . Then Coker b= M/N,/Im M = M/N,+M, =M/M, «Im N 
Coker » . Let p be this identification. 


:=HW(M) (cf. (1:2)), M, := D(HW(D(M))), so 
105 Ker(M —>M,) 
—>M—>M, and o the com- 


1 = 


Let us now verify that (My sMo oN, oN, »¥,0,0) fulfills the conditions of 
the theorem. It is clear that N 


finite torsion subobjects and hence diagonal dominoes. Now NyA M isa 


1 and Ny are torsion objects without 


diagonal domino as a subobject of Ny and Hodge-Witt as a subobject of My 
and so zero. However, Ny aM, = Ker w=Ker m and so wy and @ are monomor- 
and Hodge-Witt 


cW'M=0 and 


phisms. Coker m=Coker y is torsion being a quotient of No 
being a quotient of Mo and so finite torsion. Finally, WON 


1 
O=M/wl/2y —s> n _iwl/2ny Ny . Conversely, let (M,.M,.N,sNp.J,0.9) have the 


properties of the: theorem. Let N' bea aie ee ern 
Coker w -& Coker o 


and M the pullback of the diagram 
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M, —>N 


with morphisms the composites Ny 
—>N'. I claim that M is Mazur-Ogus. Indeed, for this it will suffice to 
show that Hom, (A sM) = 0 and Hom, 
assumption we get a short exact sequence 0 > —_>n *— No —> 0 and 

Hom (M, 4A) = Hom (No A) = 0 the first as HW (M, ) =M, and HW(A)=0 and the 


1/2 


— > Coker » —>N' resp. My — > Coker wv 


(M,A)=0 for any s-acyclic A. By 


second as wi/2y, = Ny and W 
sequence 0 —> N, —> M— M — 0 and Hom, (AN, ) = Hom, (AM, ) = 0 the 


first as WA=A and WN, = 0 , the second because My is Mazur-Ogus. 


A=0 . Again by assumption we get an exact 


It is clear that the two constructions just described give functors 
which are inverses to each other. 
~0 F 
Corollary 4.6.1. Let MEAL, . Then D(M)=D (M) € Ay and tf M= (M, »M. »N 
(o)7'). 


In particular, if M—>D(M) 7s a perfect pairing then Vp (disc s(M,)) = 
2.1gth H(s(No)) where vit) ts the p-adic valuation on W with v_(p)=1. 


1? 
*1 


Nyx) then D°(M) = (B°(M,) ,B°(M,) D°(N,) D°(N,) B°(v) BC) .B 
0 


Pp 


Proof : As M contains non non-trivial finite torsion subobject 

D(M) = 5° (m) and if there is a non-zero N —>D(M) (resp. D(M) —> N) 

with N s-acyclic then, by duality, there is a non-zero M —> D(N) 

(resp. D(N) —>»M) but D(N) is s-acyclic in A and M_ is Mazur-Ogus 
so we get a contradiction. That 5°(m,) > D°cm) is the maximal Hodge-Witt 
subobject is clear by duality and similarly DB? (m) —> (m,) is the maxi- 
mal Hodge-Witt-quotient-object. This clearly gives the second part. As for 
the final part we have Vp(dise(s(M,))) = lgth s(B°(M,) My) as s(D°(M,)) = 


~0 


= = _ ~0 
Hom(s(M,) ,W) . Now D (M,) =M, and M,/M, = No/N, = N,/D (No) and so 
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igth s(D°(M,)/M,) = 1gth s(N,) - Tgth s(B°(N,)) = Tgth HO(s(Np)) + Tgth 
H'(s(D°(N, N,))) =2.1gth H OC SCN o))> the last by duality. 


Inspired by (4.6) we introduce the following notation 


Definition 4.7. Let ME Mo . Put p-M the p-torston subobject of M, 
M-HW :=M/p-M and M-p :=M/HW(M). 
It is clear that the (M,sMp aN, No) are the (HW(M),M-HW,p-M,M-p). 
Let again Me Mo and consider the spectral sequences 


(4.8), ele = HT(R, op M) eH!" (W/p" @), sim) 


As W/p" @, s(M) is concentrated in degree 0 and a is concen- 
trated in total degrees -1, 0 and 1, by (1:1.4), it is clear that (4.8), 
degenerates iff HI(R, e, M)J=0 for i+j=-1 or 1. 


Lemma 4.9. i) Let MEA. Then at ehR e, 


Hom (MU, yy 470 forall j. 


M)"'=0 for all i iff 


M) = Homa(M, ys 


=n- 1) 


ii) Let ME Aig « Then (4.8), degenerates iff Hom (us 
for all j. 


-n+1? 


L - : 
Indeed, Hom,(R, @p M,K/W) = RHom,(M,Hom,(R, sK/W)) = RHoma (MR, )(1) , 


K :=Hom,(R,4K/W)(-1), so that HR e, m)"1=0 forall i iff there are 


no non-zero morphisms M —> RC j)(-j] for all j . By shifting we are then 


reduced to showing that for rn NEA Hom (Nsk,) = 0 iff Hom Als Wes 4a = 0. 


Suppose we know that K is a domino whose type o has o(i)=0 if 
i>n-1 and o(n-1)=1 . Then Uy > R so one implication is clear. If 
on the other hand Hom,(N,U,_,)=0 then as U; > U,_, forall i<n=t 
Hom (NU; ) = 0 so by dévissage Hom(N,T) = 0 fae any domino T with 
o(i)=0 when i>n-1. 
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That R is a domino is easily checked and by (III:3.2) it only remains 
to show that av"! ; Ke >i is injective and that dim,Ker dve-2 = 4 or 


by duality that avon! : R? > R. is surjective and dim, Coker avn-2 - 1 
which is easily verified by inspection. We have thus proved i). Now ii) 


follows from i), the discussion preceding the lemma and duality. 


sips : I-n 
Proposition 4.10. Let ME Ayg « Then (4.8) degenerates iff W  (p-M)=0 
0 n 
and W°~'/2(y.p) =Mep . 


Indeed, HW(M) and M-HW are torsion free Hodge-Witt so for them 


US. M) = 


(4.8), degenerates for any n . Hence by lemma 4.9 Hom Wat? 


IN 
a(M-psU2_4) for all gj and it 
follows easily from the characterization of the type filtration that for a 
diagonal domino N W!-"(N)=0 (WT"'/2(N)=N) iff Homa(UI | N) = 0 
(resp. Homa(N,US_4) = 0) forall j . We then conclude by (4.9 ii). 


Jj = dye 
Hom (US 4 2P-M) and Hom (M,Ur_ 4) = Hom 


Corollary 4.10.1. Let ME Ay ‘ 
i) o£ (4.8), degenerates then (4.8), degenerates if m<n. 


ii) If (4.8), degenerates and M ts not Hodge-Witt then 2n-1<max m'? '(M) 
sl 
(ef. (0:6.1)). 


Indeed, i) follows from the fact that W° is a decreasing filtration. 
It is clear from (2.2 i) that if N#0 is a diagonal domino with 


wr t/ey N then there is a monomorphism uy , <=N_ for some j . Now by 


=n-1 
assumption M-p+#0 and so by shifting we may assume that there is a mono- 


morphism Unt “> M-p and as dim, Hom (U4 9U 


Ugh 2n-1 we see that 
dim, Hom,(U_ 44 2M-p) > 2n-1 . By (4.9) Hom (U_ 442M) = 0 and so 


| : . 
Hom, (U_ 44 2M-P) > Ext q(U_,,, HW(M)) and as HW(M) is Hodge-Witt 


HW(M)) = m'>""(HW(M)) =m'?7"(m) and so 2n-1<m!>7'(m) < 


. 1 : 
dim, Extq(U_nyy> 


max(m!?>~"(M)) 
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Let us finally specify the behaviour of Mo under internal tensor 
operations. 


« i] 
Proposition 4.11. Ay, is stable under (-)#,(-) and RHomp(~,-). 


Indeed, it is easy to see (cf. (IV:2.2)) that Me o?(R) is in Avo 
iff H'(Ry ep M)J=0 whenever i+j#0 . Using this and Ry em ((-)8p(-)) = 
L L L | 7 L L 
Ry en(-) Ry ep (-) and Ry or RHom, (-,-) = Hom, (Ry ®p (-) Ry or (-)) 


(cf. (0:3.3;3.3.1)) immediately gives the result. 


IV 


Coherent R-complexes 


Definition 1.1. Let ME D?(R). Then M ts Magur-Ogus in degree Nn tff 


b,(™) = h'?J(M) and M ts Mazur-Ogus if M ts Mazur-Ogus in degree 
i+j=n ra? 
re 7 13J J 
n forall n Zoe. y-bo (My yh (M) (as b ni) cay ae hie (M) 
n 133 i+j=n 
always). 


Theorem 1.2. i) ME p?(R) ts Mazgur-Ogus in degree Nn iff HM) ts Mazur- 
ogus, 6°(A'(m)) =F "(m) and F'CAM*T(M)) = 0 


ii) Let ME o?(R) be Mazur-Ogus in degree n . Then the Hodge filtration on 
H"(s(M))/p equals the reduction modulo p of the Hodge filtration on the 
virtual es H"(s(M)) ek. 


a Let med? ¢ (R) be Mazur-Ogus in degree Nn. Then the rise ease in 
H" (s(M)) @ K A HT (5 (M)) @ K coming from the s.s. H'(M)9 => HS (5 (M)) 
equals the filtration by maximal virtual F-crystals divisible by succes- 


stve powers of Pp. 


iv) (H=1) Let ME p?(R) be Mazur-Ogus in degree Nn. Then 
Mx Tene MoT 4M . In particular tf M ts Magur-Ogus then 
Me at! (Hodge(H"(s(M))@K)) [-n] : 


b ; : 
Vv) Suppose ME D.(R) ts Mazur-Ogus in degree m but age Hodge-witt in 


degree m. Suppose also that nb, ,(M) = ) lgth H! (R,, &, m)d for some n. 
mi ,~i i 
Then 2n-1 Sites MP es 
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Proof : We have that b,(M)=by(H"(M)) and by (1:1.4.1 ii) n’eT¥(M) > 
n'e"TH(M)) for all i. As b eee h'>"'(H"(M)) the condition of 
J 


i) gives ah (M) ) ae him i( A" (M)) and so A(M) is Mazur-Ogus by 


(111:4.1). Also nem + atignyy ont M-TM) and as ATM) is MO 
h'eJ(H"(M))=0 if i+7#0. The sis. 


L 


(1.2.1) Hi(R, e A9(M)) —eHi*s(R, ot m) 

1 R 1 ®R 
and (I:1.4 ii) then gives nie cAM tM) = 0 if i+j=1 and 
n'eSHM*T(M)) =0 Gf i+j=-1 . This is equivalent to G2(f"(m)) =F"-!(m) 


and F'(A"*'(M)) =0 (cf. (III:Lemma 2.2)). 


Conversely, if A (M) is Mazur-Ogus, G 2c" (my) = FM a ‘(m) and 
FCA" * (My) =0 then hid Hm-lim)) <0 iF iej=1 and hUS(AM*(M)) = 0 
if itj=-1 and so (1.2.1) shows that hl?7 oe : y)=hieM-iimy and thus 


b,(M) = by (F"(M)) = hie T (RM) ) = eo ti 15J(m). As for ii), (111:4.3) and 
i i+j=n 


(11:3.6 iii) shows that the result is true for A" (M) as A" (mM) is Mazur- 
Ogus. - i) H Ms (M))@K= H9(s (Ft s(f" (M))) @K as filtered virtual F-crystals 
(i.e. ‘(m) G) and we have seen that Top —>M and 


toh H"(M)[-n] induce isomorphisms when H'(R, en (-))9 d+#jen is 
applied. Thus the Hodge filtrations on H"(s(M))/p and H9( 
coincide and the result is proven. 


s(H"(M))) @ K 


In iii) the arguments of the proof of (I:2.3) allows us to reduce to 
n=0 and MEM and, by i), FM = 0 . The inclusion FeM <> M induces an 
isomorphism on H°(s(-)) and as the inclusion of the E_-filtration in the 
p-adic divisibility filtration is clear we reduce by functoriality to FeM 


which as F'm = 0 is Mazur-Ogus and we finish by (III:4.5). 


The obstruction to decomposing M as 7, .M@T.,_,M is an element of 


Exty (R) (Tp 1M Mot Ten 1 M) so it will be enough to show that this group is 0. 
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Now RHom,(-,-)° = RHom, (W,RHom,(~,-))” = (RHom, (-,-)*)° ~ As ((-)F)9 has 


A-amplitude [0,1] (dévissage and check) it will be enough to show that 

bes va 
RHoma (Ty 4M>To__ 1M) has A-amplitude J-~,-1] and for this it will be 
enough to show that it has G-amplitude ]-»,-1] . By i) and (1:4.1) we get 
that (R, e, Tye)” has amplitude [n+j,[ and s(T, 4M) [n,~[ and by 


i) and (11:1.2) (Ry ep Fen has amplitude ]-»,n-1+J] and s(@q_yM) 
]-0,n-1] . We now conclude using (11:1.2) as in (II:1.2.2). 
As for v) we argue as before and conclude that nb) (HM (M) ) = 
Lo wi(R, of F|m))7! so that the condition of (I11:4.10.1 ii) is fulfilled 
7 


and we conclude by the result obtained there. 


The Hodge-Witt numbers 


2. Let a= Cosga “gan ga a sane) be a sequence of real numbers almost 
all of which are zero. For each i€ Z consider the closed half plane CR’, 


H. 4? which is bounded by the line Re j of slope i passing through the 


point (yo ad ie jaJ) and which contains an unbounded part of the posi- 
JA JM 


tive y-axis. 


Definition 2.1. The Hodge polygon, Hodge(a), of a is the boundary of 
NH iy - 


Example 2.1.1. Let a? 2s a! =-5 , a’ = 7 and the rest 0. Then we have 


the following picture 


82 


\\ 
\ \\ \\ \ 
RAN NY \N Lap4S--. 


WY 


WS I 
\X 


hay-1,-4,°3,-4...\ \ § \ 


\ 
\ 


4,0 


Clearly Hodge(a) will in general be a finite sided polygon with two 


unbounded sides, one which is a part of the positive part of the y-axis 

and the other paralell to and to the right of the y-axis. It is easy to see 
that to a there is a sequence b with the same properties as a and fur- 
thermore that the b! are non-negative except possibly for the first non- 
zero element bd and that if this bd < 0 and j<0O then bd supe Sets 
Hodge(a) = Hodge(b) and that such a bis unique. 
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Remark : All b'>0 iff the whole positive y-axis belongs to Hodge(a). 


Example : In (2.1.1) b=-1/2 , b¢=1/2 and all the other b'=0. 


Definition 2.2. A sequence as wa ?,a!a9,a!,a’,...) with almost alt 


a'=0 ts normalized tf all a 20 except possibly the first non-zero ele- 
ment a and eae ad = = -aJ* ba tf ad <0 and j<0.If a ts any sequence 
wtth almost all a'=0 then the untque normalized b with 


Hodge(a) = Hodge(b) zs called the associated normalized sequence. 


Definition 2.3. If a= (a’ agp is a sequence of real numbers with a’ =0 
for i<<0 then we define new sequences ba and ha by (aa)! ealealm! 


and (Za)" = ) ae Then ¥% and A are linear endomorphisms of the space 
ici 
of such sequences, inverses to each other, and % ts tnereasing (under the 


pointwise parttal ordering of sequences). We put 


5? = Fok Ka Kok A 
If a and b are two sequences with almost all the al and b! zero 
then we say that Hodge(a) is above Hodge(b) (Hodge(a) >Hodge(b)) if 
Hodge(a) <0 Hoi 


Proposition 2.4. i) If a and b are sequences with fintte support s.t. 

2 2 ‘ a hades . 

Zb>=°a (in the pointwise ordering) then Hodge(a) >Hodge(b) and conver- 
sely tf a>0. 


2 2 


it) bet Sob > tra. s FP (2a)! = (2b)! and a ts normalized then the slope 
i+1 part of Hodge(a) ts contained in the slope i+1 part of Hodge(b) 
and pone recty tf b ts also normalized. 

iii) rf (x 2a)' = (22b)! for all i>>0 then Hodge(a) and Hodge(b) have 


the same endpoints where the endpoint of a Hodge polygon ts the vertex lying 


on the rightmost vertical side and conversely tf a and b are normalized. 
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To prove this let us first note that 2 meets the y-axis in 


a,it+1 
(0,-(r2a)') and similarly for & at This is easy linear algebra. Hence 
2,1 a a : 2.)1 _ poe 
(xb) > (x"a) iff Hy arch iar 29d La car = %byaar iff (roa) = (Z°b). 
a) a 
If therefore I°b>z'a then vi:H, ;cH, ; so Hodge(a) <9 Heise Hod 
and, by definition, Hodge(a) >Hodge(b). As for the converse, if 


Q NHodge(a)#@ then 2 A nH .*§ and so Be iat ey iat which 


a,i+t a,i+t b,j 


gives Ha iat eb iat and (x2b)'> (x4)! . However as a>O it is clear 


that hs af Hodge(a)#@ for all i. (Note that a>>O is equivalent to 
(0,0) € Hodge(a) and that a is normalized). 


In ii) as the slope i+1 part of Hodge(a) is Be ia Hodge(a) and 
by assumption Hodge(a) > Hodge(b) and Qe iat s Ry iat we get either 

Ba 441 1 Hodge(a) = g or By i411 Hodge(b) # § and then it is the slope i+1 
part of Hodge(b) and de ia Hodge(a)<&, 5,4 Hodge(b) and in either 
case we get what we want. The converse is also clear. 


As for iii), the endpoint is equal to the slope i part for all i>>0 
and we conclude by ii). 


We will need two more concepts. If P is a finite sided convex polygon 
P beginning with {(0,y):a<y} for some a>0O and ending with {(b,y) 
c<y} for some b,c>0 then there is a unique normalized sequence a s.t. 
Poo Hai and Hodge(a) >Hodge(b) for all b with Pen Hei . Simply let 


Qe i be the line of slope i which touches P but does not cut it. Note 
that hea will touch P where P changes slopes from <i to >i. We 


will say that Hodge(a) is the highest Hodge polygon below P . 


IF Ag h hy Kgs 
define its Newton polygon as follows. We start with the positive y-axis, 
then the line segment from (0,0) to (1,d4)5 then the line segment from 
(1,A,) to (2,d4+A5) etc. and we finish by {(s,y): YD AytAyte+ tA} . 


eof Ag is an increasing sequence of real numbers we 
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Proposition 2.5. Let Ay S do S Age eS Ag be an tnereasing sequence of real 
numbers. The highest Hodge polygon below the Newton polygon of this sequence 


has as normalized sequence m with 
m' = - (141-2) + (A.ci4l) 
ARE 1,1+1[ ARE i-1,i[ 


The proof is an easy exercise in linear algebra using that Qa i is 
touching the Newton polygon where it changes slopes from < j to Di. 


3. Let us now define the Hodge-Witt numbers. 
Definition 3.1. Let ME p(r). Define for each n€Z sequences TMM), 
mem), hoe" (M) and ho?" (M) (Hodge-wWitt numbers) by 
(remmeyl 2 Tien- iq) 
= mi2"-T (4) 
(heen -yi ie niet-icm) 
peenee yea ett gaeers ely + 


isn-i_ pe gN-eyi 
Put hy = (hy yrs 


Theorem 3.2. Let ME pr). 


i) b(M)= Pt hid(M) for alt on. 
i+jJ=n " 


ii) (Crew's formula) )} (-1) Int dm) =) 4 (-5)Sn-J(m) forall i. 
J J 


Proof : As h'?""* has finite support pee i= (rh°2n-*)k for k>>0O. 


i+j=n 
Hence for k>>0 ) hied = (xmi2n-* enero one yk = (am? 2") Kg (goto) k 
: w 
i+j=n 
m'ey , the last equality as m°"" and T’°""" have finite support 


ji+j=n 
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but ae miey = b, by (0:6.2). In ii) the right hand side is additive on 
i+j=n 

distinguished triangles and one verifies easily that so is the left hand 

side (cf. (II11:2.6)). We reduce then to elementary R-modules and compute. 


Remark:Inhis thesis-Crew, [Cr], proved a formula which up to a rearrangement of 
the terms is 3.2 ii). His proof is the same as the one given here. Another 
rearrangement has been proved, independently, by Milne (to appear) by a 
slightly different method. 


Theorem 3.3. Let Me DP(R). then Wi Y(M)<h'S(M) for ald i,g « 


By shifting we may assume i+j=0 . We then have h'9(m) > nS (HOcm)) 


x0 


by (I:Cor. 1.4.1) and evidently hlJ(m) = hid (M)), SO we may assume 


MEA. By (1:1.4) h'S(M)=0 if [isj|>1 and clearly hid(m)=0 if 


i+j#0 (as this is true of mid and tied), Hence by (3.2 ii) 

hed = pied. (nieSVyntedtt) cpted ; 

Corollary 3.3.1. Suppose that ME 0° (R) ts Mazur-Ogus in degree n . Then 
J (m) = htm) for degen andeo ToT an (ate ), 


, : 7 isJ isd 
Proof : By (3.2 i), (3.3) and assumption we have a ae F Sp hi ?v= 
i i+j=n i+j=n 


Ls Jie j4qy- 
by > whence hy =h > itj=n. 


Definition 3.4. Let ME p?(R). 


i) The Newton polygon in degree nm, Newton,(M) of M is the Newton poly- 
gon of the slopes of the virtual F-crystal H"(s(M)) @ Ks 


ii) The Newton-Hodge polygon in degree n, Newton-Hodge,, (M) , of M ts the 
highest Hodge polygon below Newton, (M). 


iii) The abstract Hodge polygon in degree n, Hodge®>S(M) , of M ts the 


Hodge polygon of the Hodge numbers of the virtual F-erystal H"(s(M) @ K), 


where these Hodge numbers are defined with the atd of the elementary 
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divisors of the Frobenius (cf. (Kal). 

iv) The Hodge-Witt polygon in degree Nn, Hodge-Witt, (M) , of M ts 
-jn-- 

Hodge(h, es 


v) The Hodge polygon in degree Nn, Hodge, (M) , of M is Hodge(h’?"""). 
Theorem 3.5. Let ME p?(r). Then, forall n, 

Newton, (MM) > Newton-Hodge,,(M) > Hodges”*(M) > Hodge-Witt,, (M) > Hodge,,(M) 
and all but Hodge, (M) have the same endpoints. 


Indeed, by shifting we may assume n=0. Newton, (M) > Newton-Hodge , (M) 


and by (3.3) we have i ie and so, a fortiori Hodge-Witt,(M) > 


20-+) 


Hodge(M) . By (2.5) and (0:6.2) Newton-Hodge)(M) = Hodge(m* and 


2m 2-*) = 22(m' 20) 477297 > x2(m"29°") and so, by (2.4), Newton-Hodgeg > 
Hodge-Witt, . Consider now n= FH? (mM) /F'HO(M). By (1:4.5.3) and (I:Cor. 
1.4.1) the virtual F-crystals H°(s(M))@k and H°(s(F2HC(M)/F'HO(M))) ® K 
are equal and so have the same abstract Hodge polygons. On the other hand N 


is Mazur-Ogus so by (1.2 iii) Hodge, (N) = Hodges” (N) and by (3.3) 


Hodge-Witt,(N) = Hodge,(N) . Finally, by (I1I:2.6) TO *(N) 77287 (M) and 


as m*?07*(N) = m7 207" (M) we get Hodge-Witt,(N) > Hodge-Witt,(M) by (2.4) 


abs 


which gives Hodge (M) = Hodges”S(N) > Hodge-Witty(M) 


For the endpoints it is now sufficient to prove that Newton-Hodge |, (M) 
and Hodge-Witt, (M) have the same endpoints. This follows from (2.4 iii) as 
T?"""(M) has finite support. 


Proposition 3.6. Let ME p°(R). Then Newton, (M) touches the slope i part 
of Hodge.M <ff H"(M) is cut at {i-1} and no -9 (Mm) = 929-9 (M) for 
j<ict. 
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Indeed, as m?""* and h’?""* are both normalized (2.4 ii) shows 
that Newton,M touches Hodge,M in slope i iff (xem yin 


n 
(x2h ters y int 


(3.3) (x2m Myint ppc pict age pictem- itt gy ana pdoh-d x pd etd 


. But rch ens 1 alae 7a ae + rem Om" so by 


j<i.Now H'(M) is cut at {i-1} ite Tilemittig , 


Corollary 3.6.1. Let ME p?(R). Then M ts Mazgur-Ogus and Hodge-Witt in 


degree n tff Newton M touches the slope i part of Hodge M for all i. 
Proof : As b,(M) =) lod ca ae (hi?y-h' ey) we see by (3.3) that M 

i+jJ=n i+j=n_ _ 
is Mazur-Ogus in degree n_ iff hee =h'ed for i+tj=n. 
Remark. This is the result alluded to in [Ka 1]. 

Duality 

4. Let us recall, (0:3), that D(-) :=Rhoma(-,W). In{Ek 1] have proved that D(-) 
has amplitude [0,2] and the reader will there find a complete description of 
its effect on various types of coherent R-modules. In I we proved that 
D(-) has (A,A)-amplitude (cf. (0:1)) [0,1] and the diagonal complexes of 


forni 7 (D(M)) resp. A (D(M) ) for MEA are exactly the diagonal com- 
plexes without finite torsion resp. those that are finite torsion. 


Proposition 4.1. i) D(-) has (G,G)-amplitude [0,2]. 


ii) o'(pd(-)) =0 on G unless i=j or (i,j) =(2,1), where 


gg 
Dg(-) := HgeD(-) 
iii) Let MEG . 03(0)(M)) = t' (Hodge(s(M) /torsion)), Da(De(M)) = the maxima 
subobject of M whose associated simple complex is zero, Dy (D4(M)) = 
tors ion(M) /06 (D2(M) ) ad Dé(D4(M)) 2 pj (0y(M))/(M/torsion). 


Proof : We get i) as a special case of (II:1.2.2 iii). Let for MEG, M, 


be the maximal subobject with s(-)=0 and My z= tors(M). I claim that 
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n'J(M,/M,) = 0 unless i+j=0 or -1.. Indeed, if not then by (II:1.2) 


hiJ(m,/M,) #0 for some (i,j) with i+j=-2 and so by (0:4.3) there is 
a non-zero Ugli+td (-i) —> M./M, for some i. As Ug li+t](-i) is simple 
as object of G (e.g. as its associated F-gauge structure visibly is) 
this morphism is a monomorphisme so Mo/M, would contain a non-zero sub- 
object with s(-)=0 contrary to definition of My . The same argument shows 


that nirJ(m/M,)=0 unless i#j=0 or -1 . Using (0:3.3) and (1I:1.2) we 
see that D(M/M, ) has G-amplitude [0,1] so De(M) = e(M,) on the other 


hand s(M,)=0 and h'J(My)=0 unless i+j=0,-1 or -2 so by (0:3.3) 
D(M,) has amplitude [2,2] so Dg(M) = D}(M/M,) and Dg(M) = D4(M/M, ). 
I claim that D(M,/M,) = Dy (Ma /M, )L-1] . In fact as for M/M, we see that 


DE (M,/M,) = 0 . Now as h'°J(m,/M,) = Q unless i+j=0 or -1 and s(M,/M,) 
is torsion as M,/M, is we see by (0:3.3) that h'?9(D(M,/M,)) = 0 unless 
i+j=0 or 1 and s(D(M,/M,)) is concentrated in degree 1 . Hence 


g(09(M,/M,)) =HO(S(D(M,/M,)) = 0 and W108 (M,/m,)) = A? (D(My/My))=0 
However, s(D5(Mp/M,))=0 so Dg (Mp /M, )C-11 is an s-acyclic diagonal complex 
and so Dg m,/M,) if non-zero contains some Ugli+t](-i) as subobject which 
contradicts pite1°3(0 (Mo My)) = 0 by (0:4.3). In the same way as 

nhe-T2 (D0 (My /My)) = niew inl pcm)) = 0 we see that Dg(uemm) contains no 


non-zero object with s(-) = 0 and as it is torsion as wz ym! is by what we 
have just shown Dy(D. (Me /M') ) : 2(D9 (N° /')) =0 . As for De(M,) = D(M,) we 


see that it has s(-)=0 and so, again by what has been shown, pg(no(M,)) = 
D4 (D5(M)) = 0 and as De (M,) = Dg (M) the same is true for M .. Further 
M/M., is without torsion so it embeds in M' = t' (Hodge(s(M/M, )) with a quo- 
tient N that has s()=0.As M' is in Ayos D(M')=DO(M') by (II1:4.11) 
and D°(M') is again in Ay and so in G . Thus D(M') = DOM"). The long 
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exact sequence 0 —> Dyin) i jim) an Dy(M/M) i oo Dg (M/M,) > 0 
On, Pn eR) hia, oy 

ys the ne that ae D,(N) = a gee a )= D(M ) shes 

D,(m") = Do(M/M, ) and Dg (M/M,) = DQ(N) . As D,(M") is in Aug D,(D (M')) = 

De (D°(M")) = 0 . To summarize we have obtained g(m) = ogi") an exact 


sequence 0 —> D2(N) — D4 (M) —_> Dy (My /M,) — 0 and D@(M) = Da(My) 


VenO cay) = ne(oermiyy = pein aay) aneracrmyy en leneri) S 2 fn EMS 
Hence, Dg (Dg(M)) = D(D,(M)) = Do(Do(M)) = Dg(Dg(M)) = Do(Dg(M)) = 0 , Do (D,(M)) = 


een tinyy 2 0 n0¢my) = p2rnOrmry) = Leelee alent 
Dg(Dg(N)) = D(D(N)), Dg(D(M)) = D,(Dg(M')) = D(D(M')), Dg(Dg(M)) = Dg(Dg(M/M,))= 


D(D(M,/M,)) and @(04 (M)) = pa(D-(My)) = D(D(M,)). As we have (D(-)) = id 
we are finished. 


Corollary 4.1.1. The coherent F-gauge structures N wtth the properties 
that they are torsion and that for no non-zero element of N' ave the tmages 
in N and N” zero are exactly those of the form $(04(M)) for a torsion 


element of G@. 


Indeed, it is clear from (4.1) and its proof that the elements of G 
of the form D4 (M) for M torsion are exactly the torsion elements of G 
containing no non-zero subobject with s(-)=0 . It is also clear that an 
M€G contains no non-zero subobject with s(-)=0 iff Hom, (Uf 1] 5M) = 0 


for all i . However, Hom, (Un 01] sM) = Hom (S(U5 E11) sS(M)) as § is an 


F-g-str 
equivalence of categories and as s(ugt11)? =k if i=j and O if not,we 


pog-str(S(UgL1]) aN) = {x€ ni : Fx = Vx = 0}. It is clear however that 


the condition that there be no such non-zero X for all i is equivalent 


see that Hom 


to the second condition of the corollary. 


Remark : i) The coherent F-gauge structures fulfilling the condition 
of the corollary are precisely those F-gauge structures consi- 
dered by Fontaine and Messing (to appear). That they have the form of the 


corollary suggests that in their theory the dual point of view could be more 
useful. 
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ii) It is no doubt possible to define directly on F-gauge structures a 
tensor product and internal Hom-functor which would correspond to 

B | ; 
(-)#5(-) resp. RHom, (- ,-) through st) but I have not tried to do that. 


V 


F-Crystals 


1. If we apply (1V:3.6) to t'(Hodge(M)) where M is a virtual F-crystal 
we get the Newton-Hodge decomposition of [Ka]. 


Theorem 1.1. Let M bea virtual F-crystal. Then Newton(M) touches 
Hodge(M) at slope i iff M ts the sum of its slope < i part and its 
slope > i part. 


Proof : By (0:5.1) it is clear that M is such a sum iff t'(Hodge(M)) is 
cut at {i}. 


: 


2. Let us put S_ the Zariski topos of k , sper 
perfect k-schemes with the étale topology (cf.[Be 2]) and git the topos 


of sheaves on k-schemes with the fpqc-topology. We ring S by W and fe 


gperf 


the topos of sheaves on 


and 
by the ring scheme W ._ Then we have natural morphisms of ringed 
topoi n:$' —» § ,-n:sPert 


the restriction. We then have to=7. Note that La*(W/p”) = 


— S and op: ibe ase Pert where py, iS 


(W oS W)E€ p(s**-w) (resp. p(sPerf_w) ) and so has cohomology Wh and 

fn in degree 0 and -1 (resp. Wh in degree 0) and the rest 0. In 
particular we see that if M is a finitely generated W-module Ln*M is an 
affine (resp. an affine perfect) group scheme. I claim that for any 
W-complex M , Ro,L7*M=La*M . Indeed we reduce to showing that for any per- 
fect affine k-scheme U and any index set I Hy (Use W)=0 for ido. 
As U is quasi-compact we may assume that I contains just one element and 
then it is clear as U is affine. One also easily checks that for any finite 
type affine k-group scheme G Rp,G=p,G which is simply the perfection of 
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G . Clearly every o"-linear map, for n>0O , between W-complexes induces 


naturally a morphism between L1m* applied to these complexes. (In the case 
of gherf we can even allow n_ to be an arbitrary integer). 


If M=oM’ isa complex of F-gauge structures then we define a com- 


plex of graded sheaves Mf e pisf*) 


and a complex of graded inverse systems 
of sheaves Mee p(sPerTyN) as follows. We let (M') :=Cone(Lnem! 22% 
Lo*M”) and (me)? Z/p ‘ey Cone(La*M! AS Ln*M) where & is induced 
from the composite of the natural mapping mM’ —> mM? and t:M —> Mm 
and Z/p° ey N is the complex of inverse systems (...—> zjp"*! Z ey N—> 
Z/p"Z *7 N —> ...). By what has been observed before Z/p’ °F Ro,MP = we 


F (resp. ME) is an affine 


group scheme (resp. an inverse system of affine perfect group schemes). 


and if M is coherent then the cohomology of M 


Remark : The reason why we use inverse systems in the case of gpert and 


not in the case of g fh is that an exact sequence of affine group schemes 


gives an exact sequence of sheaves in git whereas only exact sequences of 
finite type affine perfect group schemes give exact sequences in gheet. 
The reduction modulo successive powers of p will ensure that in the cases 
of interest all our perfect group schemes will be of finite type. By intro- 
ducing a topology slightly finer than the étale we could have avoided this 
reduction. 


Recall that for M a complex of R-modules one introduces we a 


sPert by i= Zp" ex Cone(Ln*m + 


graded inverse system of sheaves in 
La*M). We now have 


Proposition 2.1. Let I=[m,n] be a finite interval and M a complete 
R-complex of level I . Then (me)! = ((s(a))F TE] 


Indeed, Mi = Z/p* e7 s(tn*™ - intm) which by [Ek 2:1:8.1] equals 
s(Reegtrm +b Roti). On the other hand (($(M))*)' = s(Z/p* eg S(La*M)" 


+Y Z/p* °7 S(Ln*M)") where we in the obvious fashion have extended the 
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notion of F-gauge structures to F-gauge structures on (sPert iy) and 


S$ is the obvious functor from complexes of Roperf-modules to complexes of 


gpert We then see by (the analogue for ghert of) 


(I11:2.3) that we may replace Ln*M by its completion so that we want to 


F-gauge structures on 


prove that for a complete Roperf-comp lex N of level I 
(Z/p* °F s(N ei n)) i= Z/p° &7 5(S(N)! wee S(N)")l-i]. Now exactly as 


before one proves that § is an equivalence of categories from complete 
Reoperf-complexes of level I and complete F-gauge structures on gherf 


of levell.Now, (cf (Ek 2:111454) s(N —-o'> n)' Li] = RHom (W(i) [-i],N) 
= —Reperf ~ 


and as § is an equivalence of categories and W(i) and N are complete 


this equals RHome gest r(S(WO4)£-1]) sS(N)). As the G. are sie pee 
tive if we can show that there is an exact sequence 0 —> g, —_—"—_ 


G; —> S(W(i)[-i]) —> 0 then we immediately get RHoMe gg tp 6 S0W (7 )sS(N)) = 


3(S(N)! Est S(N)™) which is what we want. This exact sequence is easily 
established however. 


Let now M be a virtual F-crystal and consider H! (Hodge(M)F) =; Me. 
Being a quotient of a connected and pro-smooth group scheme it is connected 
and pro-smooth. However, by (2.1) and the fact that Hodge(M)€A we see 
that the perfection of Me is killed by some power of p and hence so is 
Me itself. It is therefore a quotient of a finite sum of m*M:s divided 
by some power of p and so a smooth connected unipotent (graded) group 
scheme. 


Definition 2.2. Let M and N be virtual F-erystals. A morphism M —>N 
ts satd to be a strong tsogeny tf it is an tsogeny in the usual sense and 
Me —> Ne ts an tsogeny. We say that M and N are strongly tsogenous tf 


there is a virtual F-erystal L and strong tsogenies L —>M and L—>N. 


Proposition 2.3. i) A morphism M —>N_ between virtual F-erystals isa 
strong tsogeny tff a cone of t'(Hodge(M)) —> t'(Hodge(N)) kas cohomology 
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of fintte length as W-module. 
ii) Strong isogenies are stable by pullbacks and compositions. 
iii) The relation of being strongly isogenous is an equivalence relation. 


iv) The Newton and Hodge polygons are the same for strongly tsogenous 


F-erystals. 


v) TH1(£"(Hodge(M)) = dim(Me) 


Proof : By (2.1) to prove i) it is sufficient to show that if Ke p?(R), 


s(K) has finite length cohomology and the cohomology of KF 


S is a finite 
perfect group scheme then the cohomology of K has finite length. Now 

s(-) and ((-)F 2 have A-amplitude [0,1] and so we reduce immediately 
to KEA. The first condition says that K is gs-torsion so we need only 
show that there is no diagonal domino part. I now claim that for any LEA 
H' (iF)? is a connected unipotent perfect group scheme and that 

VLE ye is exact up to isogeny. The first part is clear by dévissage 
as H'((-)F)9 is right exact on A. The second part is then clear as 
dévissage again shows that HLF) 9 always is étale. Using this result, 
dévissage and (I11:2.6.1),we see that TL) = dim nitty Fyi for any L. 
This shows that T'*'(K)=0 forall i and hence gives i) and gives also, 
through (2.1), v).Now i) immediately gives that strong isogenies are stable 
under compositions as the class of R-complexes with cohomology of finite 
length as W-module is stable under cones. Let L —>N and M—>N_ be 
two morphisms between F-crystals, suppose that L —>N_ is a strong isogery 
and let K be the pullback of L —>»N and M—>N. As Hodge(-) is 
right adjoint to (-)” it preserves pullbacks and so Hodge(K) is the 
pullback of Hodge(M) —> Hodge(N) and Hodge(L) —» Hodge(N). This implies 
that cones of t'(Hodge(L)) —> t'(Hodge(N)) and t'(Hodge(K)) — 
t'(Hodge(M)) are isomorphic and so by i) K —>M _ is a strong isogeny. 
This finishes the proof of ii) and iii) is a formal consequence of ii). 


Finally the statement concerning Newton polygons is clear and the mie! 
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are the same. By v) the T'?"! are the same and so by definition the 
hee are the same but h 


complexes. 


ee h'?"' as we are dealing with Mazur-Ogus 


If M is an F-crystal then (me), being a unipotent algebraic group, 


is isogenous to a sum of Wy: and the oraened partition nyS-+-Sn, of 

dim(M,)| Sut. (m,)" is isogenous to o We is a strong isogeny inva- 

riant. Hence we get as strong isogeny ie antes besides the ordinary iso- 

geny class of the F-crystal, for each a sequence ni4<Nin<...Snin 

of positive integers and we have re “To %j : 
j= 


Remark : It will be shown elsewhere that these invariants determine the 
strong isogeny class of a virtual F-crystal. 


VI 


Examples and Applications 


1. As promised in the introduction we will now give some geometric examples. 
We will begin by studying a special type of inseparable covering. Let k be 
an algebraically closed field of characteristic p>0O and let X bea 
smooth and projective surface over k . 


Remark : In order to improve on the readibilityof the arguments to follow I 
will often assume stronger hypotheses then necessary for the possibility of 
an analysis. I leave to the interested reader, if there is one, to weaken 
conditions. 

I will assume given a line bundle L on X_ and will consider the 
following two conditions that may be put on L 
A) H°(x,L71) = 0 for 1<4<3p-3adH'(X,L-')=0 for 1<4<2p-1 
B) H°(x,ayeL')=0 for 1<i<pet 
i) Let chy denote the group scheme on X which ts the kernel of the rela- 


tive Frobenius morphism FF: , —» LP where Land ,P are constdered as 


addttive (smooth) group schemes on yx , 
Hence we have an exact sequence of flat group schemes on X 


(1.1) Veet to Pa 0 


Locally, in the Zariski topology, on X a, is isomorphic to a, We 
fix once and for all a non-trivial o,-torsor m:X —»X on X. For 
example, such a torsor is obtained by applying the boundary map obtained from 
(1.1) to a section se H°(x,LP) which is not he p'th power of a section 
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p-1 i 


of L. In that case m,0y = 2 LL’ with the 


obvious multiplication L 'e 3 > 115 iF itj<p and Lote LY — 
p38 eae [oi dtP ae i+j>p . Locally, in the Zariski topology, the 
long exact sequence of cohomology obtained from (1.1) shows that any X is 
of this form. In general it is easy to see that there is a filtration 

d= WeWlc.. WPT = n40y of sub-0,-modules such that M'.Wew'*) when 


ileg?) peaeped 


it] <p and Ml /M <1K¢ 
ii) X <¢s an integral local complete intersection scheme and 


Wy = T™ (Wy @ pPmt) , 


Indeed, to see that X is a local complete intersection it suffices, 
X being smooth, to show that K —>X is a local complete intersection mor 
phism. This is local in the flat topology on X so we may trivialize X so 
it is enough to prove that a, > X is anl.c.i morphism. However, by is a 
flat group scheme. In particular depth X=2 so to prove that X is reduced 
it suffices to prove that it is generically reduced. Consider Xred — K—x. 
If X is not generically reduced then as X —»X_ generically is of the 
form Spec(k(X)[t]/(tP-f)) —> Spec k(X) we see that fe k(x)P and 
Xred 
posite of a closed immersion and a finite morphism and X is normal. 


—> X_ is birationally an isomorphism. It is finite, as it is the com- 


Therefore Xred —> X_ is an isomorphism by Zariski's main theorem. This 


gives a section X —> % sare contrary to the non-triviality 4 i % 


red 
Finally, Wy = T*w x ® BY x so it suffices to show that OR /y = (Po! ). By an 


easily proven eae on group scheme torsors this equals 1*(s*w m ne where 
L 


is the zero section and the adjunction formula applied to the 
_ Pri 
=L : 


Sci X >a, 


immersion 


7 * 
a L gives s Mar /X 


H (X,0,) ts a monomorphism and dim, H (X, 


Oy) /H (x0) een 
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To see this it will suffice to show — WO T0y /0y )= 


H!(Xsmy0y/0,) and that dim, H°(X,140y/0y) = Fo dim H°(X4L7!). NOW T40y/0y 
has a filtration by the mM" 10, with successive quotients tt 
1<i<p-1 and we use séaditton A. 


for 


Let us introduce some notation. If M is an RO-module of finite type 
then there is a largest submodule which is of finite type as W-module. 
Denote this by TM . As a corollary of iii) we get : 


iv) Suppose A. Then H'(X,WO,.) — H! (X,WOy) ts an tsomorphism and 


Hé(X WO) —_ H°(X Woy) ts a monomorphism whose cokernel ts killed by Pp. 
Furthermore, tt induces an tsomorphism on T(-) and T(-) of tts cokernel 


ts zero. 
Proof : Let C be a mapping cone of RI(X ,WOy) —> RI(X ,WOy) . Then iii) 


shows that (RO vR® et 


-9¢) = 0 if i+2 . The long exact sequence of the 
R 


distinguished triangle 


—>c be eyver® oc > 
and the fact that Hi(Cc) are separated in the V-topology, being of finite 
type over R?, show that H'(C)=0 if i#2 and that V is injective on 
H2(C). This shows that H!(X,WOy) > H! (X,WOy) is an isomorphism and that 


HE(X,WO,) — H¢(X,WOy) is injective. We now want to show that its cokernel, 
that is H2(C), : killed by p. Ra p=VF it will be sufficient to show 
that F maps H 2X, Woy) into H 2(x, Woy ). It is clear that the Frobenius 
F:X —»X trivializes X so that figve exists a mapping X —> X such 
that the composite X = Yoh equals F . It is easy to see that 
KBx +X isatso F:¥ +X. Now F:H°(K,Woy) > H4(K,Woy) is 
induced by data from F:X —>X so it factors through 

m: H¢(X,WOy) —> H°(X,WOy) which is what we want. Hence H(C) is killed 
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by p with V injective and so contains no submodule of finite type over 
W . Therefore TH°(X,WOy) is contained in H°(X,WO,) and thus equals 
TH2(X,WOy) 
2 2 215 2 

¥) Assume A, Then dim, (H°(X,WOR/H"(X WO) /V(H" (XW) /H°(XoW y)) = 
dimH(X,L7'). 
l= 

This follows from iii) and iv). 


Let us consider H'(X,@). Put N:= 1,6, /G,.1f we pull back X by a 


Ps p-1 _; 
then it becomes trivial dans 1*X= PpRe\ 8. 1) with multiplication the 
: , is I= p-1.. 
obvious one; L7'el Y—L'Y if i+j<p and zero if not. Also m*N=1+ @ a 
i=1 
p-i .. 
as multiplicative group is through exp and log isomorphic to @ ES F 
i=1 


vi) Asswne A, H'(x,6,) —> H'(X,6, ) ts an tsomorphism and H°(x,6,_) > 
H°(X,6._) ts injective with cokernel killed by p. 
Indeed, it is clear that we need to prove that HO(X,N) = H'(X,N) = 0 
and that H2 (XN) is killed by p.As mn is faithfully flat and m*N , 
as we have just seen, is killed by p_ the last statement follows. Again as 
Vv 
a is faithfully flat we get a Cech spectral sequence 
(XD) yy) pe HEA" h x Ny 
where XD) 12% Xx xX (j times) 
: yx Xen eXy 

so it will be sufficient to show that 
HOCK enn) = H'(Ry*n) = HOCK nan) = 0 

p-1 


— X . Now m*N~ @ L 
i=1 


where T, » ¥2) 1) ge ® with m, the com- 


LX 
posite of the projection oP) onto the second factor and 7m . Hence we need 
to prove that H°(X,a*L') = H! (X,n*L71) = HO (a xy , asn*L7") = 0 for 

: -41 : ; 


; wa 3 = p _ 
1<i<p-1.Now a, 0*L Vt e9 TO and 99,95 T*L Vale Lb! 
X 


3 ele T Oy so 
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using HO(X,n*L7') =H°(X,mgn*L"') etc., the filtration M' of Ty 
and condition A we are through. 


We get immediately the following consequence : 


Vid) —Hiseutie Ae. Rien HI(X,2,(1)) —> H%2,(1)) wie H?(x,2,(1)) = 


HX, (1) are tsomorphtsms. 


Proof : Recall that H(Y.2,(1)) = Lin H(Y sgn) « The exact sequences 


n 
0 —> Un G, py G, — 0 give short exact sequences 


0 —H''(y,g.) — H'(Y,Z.(1)) — T(H'(Y,6.)) 0 
m p p m 
where Ne Lim M/p™ and TOM = Lint nlp) . Hence vii) follows from v 
and the 5-lenma once we have shown that T (H°(X,6,)) —> 1,(H°(%6,)) is an 
isomorphism. However, T.(-) is left exact and zero on a group killed by p 


so this again follows from vi). 


We can associate to X a mapping : uP —> 2 . When L_ is tri- 


vialized and X is the boundary of sé LP corresponding to s'€ Oy under 


the trivialization then tel? jis taken to t'ds' where t'¢ Oy corres- 


1 
X 


equals the projection to X of the singular set of X¥.As X has depth 


ponds to t . It is easy to see that the set of zeroes of Pe 


2 the zeroes of go are isolated iff X is normal. 
Let us introduce hypothesis C : the zeroes of @ are tsolated and 


stmple. 


It is clear that this is equivalent to the condition that locally, in 
the étale topology, the s' above has the form xy where x,y is a coor- 
dinate system on X . Hence the singularities of X have the form 7P = xy 


and so are rational double points of type Ao ; 
viii) Asswne A and C . The number of stngular potnts on X ts 
(L.L)p* + (wy.L)p + c5(X). 
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1 


This is simply the formula for the number of zeroes of o: eens Ny 


when all the zeroes are isolated. 


Let o:X' —»X bea minimal resolution of the singularities of ve 


ix) Assume A and C, : 
a) wy = p*1*(uy @ pers, 


b) H" (X,WOy) —> Hix! »WOy 1) ts an tsomorphism for all i. 
c) HI (KZ, (1)) ae HI(x",Z,(1)) i3bn cecneahion ond 


H°(%,Z,(1)) — H2(xX! »Z,(1)) ts injective with cokernel a free Zo 


module of rank equal to (p-1)((L.L)p? + (wy.L)p +4 (X)). 
Indeed, as the singularities of X are rational Ro40y4 = Oy which 
gives RoxWOy, = WO which in turn gives b). As X has in fact only ratio- 


nal double points o* (wy) = wy: So we get a). To prove c) we consider the 
spectral sequence 


H' (KR oytion) => HI (X! tin) : 


I claim first that R Dattgn = 0 . To prove this we are reduced to pro- 


ving that multiplication by p” is injective on Pic Xe where S_ is the 


spectrum of a local ring and S$ —>X a flat morphism. As the singularities 
of X are rational H! (Xe 401) = 0 so this follows from [Li: Thm 12.1]. 
S 


This immediately gives that H! (Xz (1)) —> H'(X" 2 (1)) is an isomorphism 


and that Tt: H°(X,Z,(1)) —> H°(x" 2 (1)) is injective. As HT (Xu )>— 


Pp 
HT(X" stip) is an isomorphism and H° (X15) —> H°(X" stp) an injection, t 
is surjective on the kernel of p and injective on the cokernel which shows 


that Coker t is torsion free. I claim that TH°(%.6,) — TH?(X" 6, is 


an isogeny. Indeed by vii) we can replace X by X and then we have a 
diagram 
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where X —> X and X —X are blowing ups.As TH 56, is a bira- 
tional invariant on smooth, proper surfaces we conclude. Hence the rank of 
Coker t equals the rank of Pic X' minus the rank of Pic X and this 
difference is equal to the number of irreducible components of the excep- 
tional fibers. As we have an Ay.4~Singularity we get p-1 such for each 
singular point so we conclude by viii). 


We can now compare invariants of X and X'. 
x) Asgume A and C. 
G(X") 


a) 9X") = 004 (X) #2(p-t) (uy) + (n-1)°(L.L)). 

b) H'(X,WOy) —> H'(X',WOy.) ts an isomorphism and Ho(X WO) —> 

H2( x! »WOy.) ts an injection with a V-torsion free cokernel killed by p. 
The dimenston of the cokernel as Dieudonné module is pp )(p-2)(, 1) + 
PP (ae LT! .L) + (p-1)y . 


c) HI(X,,(1)) —> H(X! Z,(1)) te an deomorphism and H 
At 


7(X,2,(1)) = 


H°(X',Z_(1)) «cs an injection with torsion free cokernel of rank 


(p-1) ((L.L)p® + p(wy «L) + p(X). 


‘This is just putting together ix), v), vii), R-R and A to compute 
Chae o 


Remark : c) was essentially proven by W. Lang under the stronger assumption 
B (cf. [La]). 
a 


: liste. Ol 
Xi) Assume A and B.Then H X,Qy) =H (X Qy) « 


Indeed, we have an exact sequence on X 


1 1 


0 — tp? —> TAQ => oy — net”! 


—> 0. 
Fe -64 h a8 . O- an) -Py — yOr ney Ty — yl pe “Py K 
It isc oe t a we are finished if H (m*L ")=H (n*L  ) =H (n*L ")=0 and 
HO(a4) = H (m*Qy). By projecting down to X we see that the first part is 
implied by A and as Ta TAQY = 7,09 ®% rH the second is implied by B_ if 
xX 
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we use the filtration {M'} . 
xii) Asswne C . Then every closed form in HO (ay) ts tn the image of 
H (ay) 


Proof : The statement is Zariski local on X so we may assume that ¥ is 


of the form Spec(Oy{t]/(t?-f)) for fe Oy . Then we have a cartesian 
diagram A 
X — xX 


4 Vf 


ni & a! 
where Fis the Frobenius. 


We have exact sequences 


1 
) ==> 2421 ag D4 S2y 1 — Pay => 0 


sf I 


1 1 1 
o—_> On > Ky > Oy 7p! —> 0 


and it is sufficient to show that the image in fist ig of a closed form 
cones from OY at . However, [Sz:Exp. V Lemme 2] shows that it actually 


comes from OK mt as the global assumptions are never used there. 


xiii)Asswne A,B and Cc. 


Then the closed 1-forms of X' are exactly those in the image of 


the injective mapping HO(x9y) —> HO(x! as 


As it is obvious that all forms in the image are closed this follows 
from xi) and xii). 


We will now further specialize to X =p? and L=O(n) n>O. Then A 
and B are fulfilled and a simple dimension count shows that we can find 
s€O(pn) such that 0(-pn) —op2 has only isolated simple singularities. 
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From x) we then get that H'(X" WO, .) = HO (Way) = HO(wog.) = 0 , that 


H°(WOy,) is killed by p and is without finite torsionthat H' (Nal) is tor- 
sion free of slope 0 and that it equals Pic X' 87 W . Now Pic X' con- 
tains the inverse image of a hyperplane and all the exceptional divisors. 
The square of the inverse image of a hyperplane is p and as the singulari- 
ties are of type Ao each connected component of the exceptional divisors 
gives an intersection matrix of determinant (-1)P7'p . Hence the p-adic 
ordinal of the discriminant of the group of cycles generated by the cycles 
that has just been described is 1+p¢n°-3pn+3 . By ix) 

this group has finite index in Pic X' so Pic X' has discriminant of 
p-adic ordinal < 1+p2n?-3pn43 and as H! (Woy) = Pic(X')@W so has 


H'(x,wo!). If M:=(H@(Woy.) —b H?(WOl,)), which is a domino, has type 
o then by (I11:3.334.6.1) 2 Fo toa) < t4pene-3pne3 J Now, as RI(X' 2.) = 
1€ 


@aRI(X" HOY) (cf. [I11-Ra ]) we have H“(x',0')=H'(M,dV) and so 


0/51 2/01 noe Kees 
he (2¥1) = ho (21) =} o(-i) (141) by (111:3.3). A a (i)(-i+1) = 
X X fot © 1 1 Ss a O\l + 


R 


= =n? - PUEH(ne3) + p-t =F io() by (x),b) we get : 
Ta 


xiv) X=IP*, L=0(n), n>0. WO) = Fe ol -AN(G41) 27 al 4) (-it) > 
] TE ia 


( =) An? - POV ns) + pot - }(p2n2+3pn-4) _ pL =) -2)-3p],2 _ 
2 
(ps5), 32 =7P , : 
Also by xi)and xii) d: H(0,1,) —> 19( 
2 
( 


%,) ts injective and so by 


duality d:H 


o(i)=0 tf i<O0 and in parttcular that there ts no exotte torston so 


Oy) > H°(0,1,) ts surjective. This shows by (111:3.3) that 


there ts no crystalline torsion. 
2. We will now go on to discuss the phenomenon of exotic torsion. Let us 


first note that we can find examples of a smooth and proper scheme X over 
Spec W such that its special fiber has exotic torsion. Indeed, we may take 
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as example the product of an Igusa surface with itself which will have 
exotic torsion in degree 3 (cf. [Ek 2: III 8:10]). If we confine our 
attention to degree 2 the situation becomes more intricate. It is clear by 
Kummer theory that the p-torsion of H2(x',Z ), where X' is a geometric 
generic fiber of X , equals the p-torsion of Pic™X' /Picex', By [Ra] 
there is an abelian subscheme AcPic'X such that N-=Pic'X/A is finite 
and flat over W . Hence the generic fiber of N equals Pictx' /Picox', 


I claim that the Dieudonné module of the special fiber N equals the 
fintte torston of H2(X/w) where X ts the spectal fiber of YX , 


Indeed, by (I:2.2.2) this finite torsion is the sum of the V-torsion 


of H¢(KW0y) and the p-torsion of H!(X Wad). The first part is the 
Dieudonné module of the connected part of N (cf. [I11:II]) and the second 


part the Dieudonné module of the étale part of N (cf. loc. cit.). 


Hence we see that the length of the p-torsion of W(x" ,Z) equals 
the length of the finite torsion of H2(X/w) and so we see that the length 
of the p-torsion of W(X" ,Z,) equals the length of the torsion of 
H2(X/W) iff X has no exotic torsion in degree 2 thus relating the 


existence of exotic torsion to an old problem of Grothendieck (cf. [11 2]). 


On the contrary if we lift with much ramification (e>p-1) then we 
can get more crystalline torsion than classical torsion for two reasons. 
First the example (cf. [Ra]) of Raynaud gives a non-flat N and so the 
order of N at the generic point is strictly smaller than its order at the 
special point and so the length of W(x" 2) is strictly smaller than the 


length of the finite torsion of H2(X/W) . Secondly we will see in a moment 
that we may also get exotic torsion. 


Remark : Raynaud's example is constructed starting from a finite Fy weeror 
space V , a non-degenerate alternating pairing @ on V_ and the associated 
Heisenberg group N . If one lets dim V>6 and considers the split exten- 
sion G=N*%Sp(p) then we may replace N by G_ in Raynaud's argument and 
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then the general fiber of X will have a perfect fundamental group so 
H(X',Z,) will be torsion free for aZZ primes & (including p) but 
H2(X/w) will have torsion. 


As our first example of how to produce exotic torsion let us again 
consider a line bundle L ona smooth and proper surface fulfilling condi- 
tion A of 1 and am: X'—>X_ the resolution of an a, ~torsor for which 


LP —» 9! has only simple isolated zeroes. 


X 
I claim first that w* takes HO(x,Z, 4) into HO(XZ, 42) 
Indeed, this only uses the fact that am is inseparable ; Znet is the 


| 2 


kernel of dC: Z,2 —> 2? and 1: H°(x,98) —> H°(x;,0%) is zero as 


n is inseparable. I further claim that w*:H°(X,Z,01) —> HO(X,Z,%)) ze 
an isomorphism. By [I] 1:0.2.5.3.3-5] it will suffice to show that 1* 


{ for all on. 


induces an isomorphism on global sections of G_/pG, and BAS 
The first part follows from (13x). For the second part we get from [I] 1: 
1.3.11.4] that it will be sufficient to show that wm induces an isomorphism 


on the kernel of Fon H'(-,W, 0). However, from (13x) it follows that 
m* induces an isomorphism already on H!(-,W0). It is clear from the proof 
of xi) that A implies that 1*: HO(x,9y) —> HO(x',9),) is injective. 


. Orvs | 
We therefore see that dim, H (X52) 1%y 


Ory: 1 es 0) 1 
)/H (X'Z,.2y) > dim, H (XZ, 2y)/ 
0 | 
H (X,Z,2y). 
For n=0 we get that if X has non-closed \-forms then, by [1] 1: 
11.6.16], X' has exotte torston. 


We can take as X one of the coverings of p2 constructed at the end 
of 1, from the formula given there we see that tf p>7 then we may 


always find such an X wtth non-closed \-forms. 


As another type of example let us consider a smooth and proper surface 
X with a line bundle L s.t Oe = 0 and s.t there is a Lefchetz pencil 


110 


VoHO(X,L). Let wo: Y —> p(y) =p! be this pencil (where Y_ is a blowing 


1 


up of X). Then Rp, 0y is a locally free sheaf on P hence isomorphic 


to @ O(r.) for some integers r, .I elaim that nx 0 forall i. 
; aS 


Indeed, let CcX be acurve in |V| . Then the strict transform of C 
on X' is isomorphic to C as only smooth points of C are blown up and we 
have a commutative diagram 


H!(X,0,) 
\ os HC,00) 
HCY", Oy) 


By assumption H!(X,0,) > H'(C,0,) is injective and hence so is 
H'(Y,0y) —>H'(C,0.). Let x:=(C). Then H'(Y, oy ) —> H1(C,0,) is 


(canonically) isomorphic to H° 0p! R'o,0 )—_— (R'o,0 ) which therefore 
Y VAX 


is injective. This clearly implies that r;<0 for all i. Let now 
1 1 


f:IP) —>P- be a non-constant morphism. We then get a diagram 
y" 
=e 
imac ok) 
lo. \e 
p! f p! 


where the square is cartesian and t a (minimal) resolution of singulari- 


1 1 


ties. As R 40 y ~@ O(r;), r.<0 >» it is clear that Hcp! oR Qy0y) —> 
i 


Hoop! ,F#R'p,0 y) is an isomorphism and irrespective of the values of the 


r H' 0p! Rhp,0y) —> Hp! fR",0,) is a monomorphism. By base change 


F*R p,0 = R'o,0 and as is well known Rt,0\, = Oy1. Hence we get that 


Y Y y" 


Hl Y »0y) — H"( Yi" Oca) ts an tsomorphism and H2( 


> y" Y,0y) _ 


He(Y" > Oyu) ts a monomorphism. 


As in the proof of (1,iv) this implies that Hy »W,0) > H'(Y" WO) 
is an isomorphism for all n and so as above that Hoy ,B,) —> 
H°(y" B01) is an isomorphism. I claim that there is a bound for the 


dimension of SG era a whitch depends only on not on f. 


Indeed, we have taken care of Ba! so as above it suffices to bound 


the order of spiex®*). It is clear that this equals ot(k(P') ,Jac( "/P')) 
whose order clearly is bounded by the order of the kernel of p on the 
Jacobian of a geometric generic fiber of so in particular bounded by 
something depending only on ». 


: i 
Let now f be F! and let x(P ) be the resolution of the pullback 


1 


i 
of Y by F. Then as we have seen the dimensions of the H9(x ) 7,2") 


are bounded. 


i 
If we can show: (*) For every n the dimenstons of HO(x6P ) 2,0!) x 


we get a sttuatton similar to the one discussed, on p. 111. 
By the same argument as before to show (*) it suffices to show that the 


0/y(p') 1 J 3 : 
H~(X »2°) —>o but this is proved in [Sz:Exp. 5]. 


Remark : By choosing X and V_ suitably we may make all the x(P') 
liftable. Indeed if we start with X and V_ lifted the Lefschetz pencil 
o:X' —>p!' lifts and as F! on P! lifts the pullback by Fi of o 
lifts. The singularities of this pullback are rational so we may simulta- 
neously resolve the singularities in the fibers of the lifting (cf. [Ar]) so 


‘ 
the x(P ) lift. In the last step we may be forced to ramify the base of 
the lifting so even if we start with an unramified lifting, which we certainly 
may, we have no guarantee that we will end up with one. 


3. Let now X be a smooth and proper variety over a perfect field k of 
characteristic p>0O . We will say that X fulfills RH if there is a 
smooth and proper family T —>S with S_ of finite type over F. , a mor- 
phism @: Spec k —>S_ such that Xp is isomorphic to the pullback along 
of T and such that for every closed point x of S_ the fiber Ty has 
the property that the eigenvalues of the Frobenius morphism Fe with respect 


j 
to k(x) on Hee 


equal to [k(x) | 17 for all i. It is no doubt true that X always ful- 
fills RH but at the moment this is known only when X_ is dominated by a 


(T/W(k(x))) are algebraic with all its absolute values 


smooth and projective variety (possibly over an extension of k) (cf. [Ka- 
Me]) and so in particular when dim X<3 by resolution of singularities. 


Lemma 3.1. i) Let X be of pure dimension N. Then m'9(x)=mN7UN-Jiyy , 
TES (yy = pNoi-2N-5+2(y) for all i,j. 


ii) If X satisfies RH then m'?9(x) = mJ?! (x) for all i,j. 


Indeed, the first part of i) comes from Poincaré duality for crystalline 
cohomology (cf. [Be 1:VII.2.1.3]) and the second part is [Ek 1:IV:Cor. 3.5.1] 
(it also follows from [Be 2]). As for ii) by constructibility for crystalline 
cohomology we reduce to the case where k is a finite field. Let hy sOtn see 


Oh be the eigenvalues with multiplicities of the Frobenius wrt k_ on 


H'(X/W(k)) and let v(-) bea p-adic valuation on W(k) fa, >---a,,] nor- 
malized such that v(|k|)=1 . It will then suffice to show that for every 
X€Q the number of a, with Va.) = dX equals the number of de with 
v(a,) = i-A . Indeed, it follows from the hypotheses that TI] (t-a,) € Z{t] 

Ss 2 
> q'/a, 


and that a0. = q' where at, is a complex conjugate. Hence Oh, 


is a permutation of {Oty o++ a} which gives the result. 


Remark : As b,= ) } m'*) it follows that,when X fulfills RH, b, is 


n A 

i+j=n 

even when n_ is odd. As in that case b =rk H (Xp ,Z,) this answers a 
n Z, k 


1:13 


question by Deligne (cf. [De:1V.4.1.4]) when X fulfills RH and so pro- 
bably always. 

te ms 7 7 ° inj _ N-i,N-j 
Proposition 3.2. i) If X has pure dimension N_ then hv (X) = hy (X). 
ii) If X fulfitte RH then hird(x)=hI?"(X) for all i,j with isj=n 
aff 1 


It is clear that this follows from 3.1 and the definition of Mis . 


VJ -2s142 oon ott i,j with isjen. 


Corollary 3.3. i) ene? if itj<1. 


ii) If X fulfills RH then hi =n?! for i4j<2. 
. . We wW = 
iii) If dim X<3_ then hi?) = ay for all i,j . 
Proof : If i+j=0 then clearly ie ho?! . If i+j=1 then the only 


1,0_ Ost < 43 1 
Wes m? = dim H (X WO) /V 


which is the dimension of the formal group associated to the abelian variety 
. 0 
(Pic’X) 


non-trivial equality if h noo! . However pools 


A A 70 5 P 
noe and so equal to the dimension of (Pic 9 re which is b,/2 . 


O54. 4,0. 0,1. 46 a 
As he +h, =b, we get hy = b,/2= hy . As for ii) we are left with 


i+j=2 by i) and so by (3.2) we have to verify that pied. ps-2, 141 
i+j=2 . In this case pied - 0 unless (i,j) =(0,2) and qo? - T 
so there is nothing to prove. For iii) finally we have already noted that xX 
fulfills RH and so it remains to prove pied - qi72.142 . By ii) and (3.2 3) 
we may also assume that X is purely 3-dimensional. Then the only non- 


0,3_ 7152 but this follows from (3.1 i). 


1 


when 
2-2,0+2 


trivial inequality is T 


Remark : I don't see any reason why nyo = via should be true in general. 


If now dim X<1 then X is Mazur-Ogus so nye nied rf dim X=2 
and X is geometrically connected then (3.2 i), (3.3 iii), (1V:3.2) and 
Noether's formula give 
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ie one 

Alva he Mahe aheels b,/2 
hrm ho ses eae 124 b,/2-1 
hirl=b, +5c,/6- 2/6 . 


From this we can draw several conclusions. First we see that the ho 
are deformation invariants and that they are the same as the Hodge numbers 
for a lifting to characteristic zero (as those Hodge numbers can be expres- 
sed in the same way in terms of the Chern and Betti numbers). This is no 
longer true in higher dimensions. If we let p=2 and Ey and ES be an 
ordinary resp. supersingular elliptic curve, I = E,* E,/<o> where o acts 
by o(x,y) = (x+a,-y) where a€ E,(k) is of order 2 (I is "the" Igusa 
surface) and we consider IxI then it is shown in [Ek 2] that hp-2( xt) =2, 
If we lift E£, and E£ 
092 


1 9 and construct in the same way I' in characteristic 


0 then (I'xI')=1 . Similarly, if we deform £, to an ordinary curve 


2 
then noe2( txt!) = 2 for the deformation. By taking a suitable hyperplane 
section we get a 3-dimensional example. 


Furthermore, if X , which again is a surface, can be lifted, or is Hodge- 


V1, 0 as it equals respectively nie! (lifting), 


WittorisMazur-Ogus then hy > 


m's! or nie! . However, as observed by Szpiro (cf. [Sz]) if X —C is 


a non-isotrivial smooth fibration with C a smooth curve then for the 
sequence x(n) Xx0C, with F":C —»C_ the second projection,of smooth 


and proper surfaces, the Betti numbers are constant and of —>o so 


he —> -© and we have examples of surfaces which can be deformed to 


neither liftable nor Hodge-Witt nor Mazur-Ogus surfaces. 


Corollary 3.3 enables us to give a proof of a result of Nygaard which 
very closely resembles the proof given by Serre in characteristic 0. 


Proposition 3.4.[Ny 1] Let X be a smooth and proper 3-fold and suppose that 
there extsts a dominant rational separable mapping »:P  -->X . Then 


x(Oy)= 1. 


Proof : The existence of implies that ni9(y) = 0 for i>0 . Hence by 

(1V:3.3) for i>0 hie2s0 as hir%>0 and by (3.3) hy?'=0 for i>0. 
' : ES _4)i1,057 _ 

Then Crew's formula gives x(0y) =) (-1) tee Ss 


Remark : Only a very small part of the general theory is really needed in 
the proof. 


4. We will end by giving a generalization of a part of Nygaard's proof of 
the Rudakov-Shafarevich theorem. 


Theorem 4.1. Let X be a smooth and proper surface over k , perfect of 
characteristic p>0 and suppose that the rank of the Néron-Severt group of 
X equals b,(X). If no>2(x) ts odd then the dimension of Imdc H" (x0) 
ts strictly smaller than fies ‘ 

Remark. i) As will be seen in the proof this dimension is always less than 
or equal to ho»? so we exclude the possibility of an equality. 


0,2_ 


y 1 so his conclusion is that all the 1-forms 


ii) In Nygaard's case h 
are closed. 


Proof : By duality we need to prove that the codimension of Kerd in 
2 : 0,2 . 005,12 2 

H (X,0y) is less than hy . The image of V ZH (X WO, ) in H (X,0,) 
lies in the kernel so this codimension equals the codimension of Ker d : 


(H2(X,WO,) /V"°ZH2(X,WO,)) /VH(X WO, ) a H°(X WY) /AVH@(X ,WOy) + VHO(X Woy) 


in (H2(X,WO,) /V*ZHE(X ,WO,)) /VH°(X WO) 5 as Ry egkT (W2,) = RI(QY) (cf. 
{1]1-Ra]) , which has dimension hee as m2 22 _ 0 by the condition on the 
Néron-Severi group. Hence if the theorem is false Ker d=0 and so if o 


is the type of dom?(H°(x,WO,) —> H2(x,WS!)) we get from (I11:3.3) that 
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o(i)=0 if i€Z, However as NSeW=H'(X,W2') we get from (II1:3.3) that 
ord, disc NS/tors = 2 a io(i) and by ofi)=0 Wie Z, we get pidisc NS/ 
1 


tors and as. NSe Z, = H? (Xp ,Z,(1)) we get by -adic Poincaré duality that 


NS/tors is unimodular. By the R-R theorem KF= Fe (2) for every FENS 
and so by ([Se:V:Thm 2]) K? = t(NS/tors) (8) where t(-) is the index but 
by Hodge's index theorem t(NS/tors) = -b+2 . Noether's formula gives 

12y = cotk? = ~byt2+C, = 4+4n0>! (8) and together with Crew's formula (cf. 


(1V:3.2)) this gives 1-hOo tn? J 14h0>! (2) i.e. no 22 . 0 (2) contrary 
w w W w 
to assumption. 


VII 


Complements 


I will quickly sketch some possible extensions of the theory. 


1. One could, as in [Ny], study Ry e, M, ME o(R), instead of Ry e, M. 


If we put hy? (M) := Igth H(R, er M)' then we get, with the same proof as 
2 -4)dpiod — -1)dpisd isd ev pisd p 
for n=1 ee 1) hy =n) | (-1) hy and so nh, ch. . From this 
follows that the n-Hodge polygon, Hodge(h, °°) lies below the Hodge-Witt. 
In case nb.,(M) = sy, hy we get the expected result, obtained by Nygaard 


i+j=m 
in [Ny] in the geometric case. This could be proved by redoing our argument 


for arbitrary nor by paraphrasing Nygaard's argument. (The last thing 
could of course also have been done for n=1 .) Of course even if we para- 
phrased Nygaard's argument we would have to do it for f™(M) and not for M. 


2. We have not treated the conjugate spectral sequences. They can in fact be 
defined for any ME pr). For n=1 we have the sequence of k-complexes 
re Ty, Hodge(M) —> Tei Hodge(M) —>... and the spectral sequence 


associated to such a "filtration" is the conjugate spectral sequence of 

level 1 of M . The generalization to arbitrary levels is immediate and then 
we pass to the limit as in [I1-Ra] and, again as in loc. cit., we define F' 
and V'. We can then prove the coherence of the E*-term by dévissage and 
explicit computation or paraphrasing loc. cit. One can then with the methods 
used in this paper prove analogues to the results obtained on the slope spec- 
tral sequence. 


3. If one wants to continue the study of the spectral sequence for Me D2(R) 
Ey?) = HI(M)' =H" (s(M)) 


one should note that it is really the degree o part of a spectral sequence 
of F-gauge structures 


(3.1) Eye) = S(HI(M)") =e HT (s(M)) 


Note that, from the E,-term on, it is a spectral sequence of coherent 
F-gauge structures and is the spectral sequence associated to the cohomolo- 
gical functor H°(s(-)) on p?(R) with its standard t-structure. Further- 
more, we can consider this spectral sequence as a spectral sequence in G ana 
so of R-complexes. As such it is the spectral sequence associated to the 
cohomological functor H¢-) on p?(R) with the standard t-structure. Note 
finally that even though the standard t-structure on oP(R) commutes with 
the diagonal t-structure and the diagonal t-structure commutes with the 
F-gauge t-structure, (Go 62%), the standard t-structure does not commute 
with the F-gauge t-structure, because if it did, by the description just 


given, (3.1) would degenerate at E, which it does not always do (cf. 


2 
[Ek 1:V.2]). Hence commutation among t-structures is not a transitive 


relation. 
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les derniers travaux de Fontaine, Kato et Messing sur la comparaison entre cohomo- 
logie étale p-adique et cohomologie de De Rham des variétés propres et lisses en 
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